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1 INTRODUCTION 



In the attempt to unify all the forces present in Nature, which entails having 
a consistent quantum theory of gravity, superstring theories seem promising candi- 
dates. The evidence that string theories could be unified theories is provided by the 
presence in their massless spectrum of enough particles to account for those present 
at low energies, including the graviton 

String theory is by now a vast subject with almost three decades of active research 
contributing to its development. During the last few years, our understanding of 
string theory has undergone a dramatic change. The key to this development is the 
discovery of duality symmetries, which relate the strong and weak coupling limits of 
different string theories (S'-duality). These symmetries not only relate apparently 
different string theories, but give us a way to compute certain strong coupling results 
in one string theory by mapping it to a weak coupling result in a dual string theory 
(for recent review on non-perturbative string theory see for instance [@]). 

Our main aim here is the description and further investigation of the properties 
of the so called null or tensionless branes. To explain how these extended objects 
appear and why it is worthwhile to learn more about them, we first will give a brief 
introduction to the related notions in string theory following mainly 0. 

1.1 Brief Overview of String Theory 

String theory is a description of dynamics of objects with one spatial direction, 
which we parameterize by a, propagating in a space parameterized by x^. The world- 
sheet of the string is parameterized by coordinates (r, a) where each r = constant 
denotes the string at a given time. The amplitude for propagation of a string from an 
initial configuration to a final one is given by sum over world-sheets which interpolate 
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between the two string configurations weighed by exp(i5'), where 



(1.1) 



where g^^i, is the metric on space-time and J runs over the r and a directions. Note 
that by shcing the world-sheet we will get configurations where a single string splits 
to a pair or vice versa, and combinations thereof. 

If we consider propagation in flat space-time where g^^ — r]fjtv the flelds x^ on 
the world-sheet, which describe the position in space-time of each bit of string, are 
free fields and satisfy the 2 dimensional equation 



In particular notice that the left- and right-moving degrees of freedom are essentially 
independent. There are two basic types of strings: Closed strings and Open strings 
depending on whether the string is a closed circle or an open interval respectively. 
If we are dealing with closed strings the left- and right-moving degrees of freedom 
remain essentially independent but if are dealing with open strings the left-moving 
modes refiecting off the left boundary become the right-moving modes-thus the left- 
and right-moving modes arc essentially identical in this case. In this sense an open 
string has 'half the degrees of freedom of a closed string and can be viewed as a 
'folding' of a closed string so that it looks hke an interval. 

There are two basic types of string theories, bosonic and fermionic. What dis- 
tinguishes bosonic and fermionic strings is the existence of supcrsymmctry on the 
world-sheet. This means that in addition to the coordinates x^ we also have anti- 
commuting fermionic coordinates V'lr which are space-time vectors but fermionic 
spinors on the worldsheet whose chirality is denoted by subscript L, R. The action 
for superstrings takes the form 



djd-'xi' 



{dl - dl)x^ = 0. 



The solution of which is given by 



a;'^(r,a) =<(T + a)+x^(r-a). 
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There are two consistent boundary conditions on each of the fermions, periodic 
(Ramond sector) or anti-periodic (Neveu-Schwarz sector) (note that the coordinate 
a is periodic). 

A natural question arises as to what metric we should put on the world-sheet. 
In the above we have taken it to be flat. However in principle there is one de- 
gree of freedom that a metric can have in two dimensions. This is because it is 
a 2 X 2 symmetric matrix (3 degrees of freedom) which is defined up to arbitrary 
reparametrization of 2 dimensional space-time (2 degrees of freedom) leaving us with 
one function. Locally we can take the 2 dimensional metric gjK to be conformally 
flat 

gjK = exp{(f))rjjK- 

Classically the action S does not depend on 0. This is easily seen by noting that 
the properly coordinate invariant action density goes as ^J\g\g'^^ djx'^dKx'^Vni' 
is independent of (p only in D = 2. This is rather nice and means that we can 
ignore all the local dynamics associated with gravity on the world-sheet. This case 
is what is known as the critical string case which is the case of most interest. It 
turns out that this independence from the local dynamics of the world-sheet metric 
survives quantum corrections only when the dimension of space is 26 in the case 
of bosonic strings and 10 for fermionic or superstrings. Each string can be in a 
specific vibrational mode which gives rise to a particle. To describe the totality of 
such particles it is convenient to go to 'light-cone' gauge. Roughly speaking this 
means that we take into account that string vibration along their world-sheet is 
not physical. In particular for bosonic string the vibrational modes exist only in 24 
transverse directions and for superstrings they exist in 8 transverse directions. 
Solving the free field equations for x,ip we have 

n 

V'^ = EV'^^ne-^"^^+^) (1.2) 

n 

and similarly for right-moving oscillator modes q;^„ and ■0-n- The sum over n in the 
above runs over integers for the For fermions depending on whether we are in 
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the R sector or NS sector it runs over integers or integers shifted by 1/2 respectively. 
Many things decouple between the left- and right-movers in the construction of a 
single string Hilbert space and we sometimes talk only about one of them. For the 
open string Fock space the left- and right-movers mix as mentioned before, and we 
simply get one copy of the above oscillators. 

A special role is played by the zero modes of the oscillators. For the x-fields 
they correspond to the center of mass motion and thus ccq gets identified with the 
left-moving momentum of the center of mass. In particular we have for the center 
of mass 

X = ao{T + a) + ao{T - a), 

where we identify 

{ao,ao) = {Pl,Pr)- 

Note that for closed string, periodicity of x in u requires that Pl — Pr — P which 
we identify with the center of mass momentum of the string. 

In quantizing the fields on the strings we use the usual (anti) commutation rela- 
tions 

We choose the negative moded oscillators as creation operators. In constructing the 
Fock space we have to pay special attention to the zero modes. The zero modes 
of a should be diagonal in the Fock space and we identify their eigenvalue with 
momentum. For ijj in the NS sector there is no zero mode so there is no subtlety 
in construction of the Hilbert space. For the R sector, we have zero modes. In this 
case the zero modes form a Clifford algebra 

{V'o^V'o} = <■ 

This implies that in these cases the ground state is a spinor representation of the 
Lorentz group. Thus a typical element in the Fock space looks like 
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where a, b label spinor states for R sectors and are absent in the NS case; moreover 
for the bosonic string we only have the left and right bosonic oscillators. 

It is convenient to define the total oscillator number as sum of the negative 
oscillator numbers, for left- and right- movers separately. A^^^ = rii + ... + Uk + 
Nn = mi + ... + rrir + .... The condition that the two dimensional gravity decouple 
implies that the energy momentum tensor annihilate the physical states. The trace 
of the energy momentum tensor is zero here (and in all compactifications of string 
theory) and so we have two independent components which can be identified with 
the left- and right- moving hamiltonians Hl,r and the physical states condition 
requires that 

Hl = Nl + (1/2)P| -6l = = Hr = Nr + (l/2)p2 _ Sj,, (1.3) 

where 6l,r are normal ordering constants which depend on which string theory and 
which sector we are dealing with. For bosonic string 5 = 1, for superstrings we 
have two cases: For NS sector 5 = 1/2 and for the R sector 6 = 0. The equations 
( |1.3|) give the spectrum of particles in the string perturbation theory. Note that 
Pi = = —m^ and so we see that grows linearly with the oscillator number 
N, up to a shift: 

(l/2)m2 = Nl~6l = Nr- 6r. (1.4) 



1.1.1 Massless States of Bosonic Strings 

Let us consider the left-mover excitations. Since S = 1 for bosonic string, (|1.4| ) 
implies that if we do not use any string oscillations, the ground state is tachyonic 
l/2m? = — 1. This clearly implies that bosonic string by itself is not a good starting 
point for perturbation theory. Nevertheless in anticipation of a modified appearance 
of bosonic strings in the context of heterotic strings, let us continue to the next state. 
If we consider oscillator number Ni = 1, from (|1.4|) we learn that excitation is 



massless. Putting the right-movers together with it, we find that it is given by 

a''_ia'L^\P). 
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What is the physical interpretation of these massless states? The most rehable 
method is to find how they transform under the httle group for massless states 
which in this case is SO {24). If we go to the light cone gauge, and count the 
physical states, which roughly speaking means taking the indices /i to go over spatial 
directions transverse to a null vector, we can easily deduce the content of states. By 
decomposing the above massless state under the little group of 50(24), we find that 
we have symmetric traceless tensor, anti-symmetric 2-tensor, and the trace, which 
we identify as arising from 26 dimensional fields 

g^^,B^^,(t) (1.5) 

the metric, the anti-symmetric field B and the dilaton. This triple of fields should be 
viewed as the stringy multiplet for gravity. The quantity exp[— 0] is identified with 
the string coupling constant. What this means is that a world-sheet configuration of 
a string which sweeps a genus g curve, which should be viewed as g-ih loop correction 
for string theory, will be weighed by exp(— 2((7 — 1)0). The existence of the field B 
can also be understood (and in some sense predicted) rather easily. If we have a 
point particle it is natural to have it charged under a gauge field, which introduces 
a term exp(i / A) along the world-line. For strings the natural generalization of this 
requires an anti-symmetric 2-form to integrate over the world-sheet, and so we say 
that the strings are charged under B^y and that the amplitude for a world-sheet 
configuration will have an extra factor of exp(z / B). 

Since bosonic string has tachyons we do not know how to make sense of that 
theory by itself. 

1.1.2 Massless States of Type II Superstrings 

Let us now consider the light particle states for superstrings. We recall from 
the above discussion that there are two sectors to consider, NS and R, separately for 
the left- and the right-movers. As usual we will first treat the left- and right-moving 
sectors separately and then combine them at the end. Let us consider the NS sector 
for left-movers. Then the formula for masses ( |1.3|) implies that the ground state 
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is tachyonic with l/2m^ = —1/2. The first excited states from the left-movers are 
massless and corresponds to ip'^^i^lQ), and so is a vector in space-time. How do we 
deal with the tachyons? It turns out that summing over the boundary conditions 
of fermions on the world-sheet amounts to keeping the states with a fixed fermion 
number (—1)^ on the world-sheet. Since in the NS sector the number of fermionic 
oscillator correlates with the integrality/half-integrality of A^, it turns out that the 
consistent choice involves keeping only the N =half-integral states. This is known as 
the GSO projection. Thus the tachyon is projected out and the lightest left-moving 
state is a massless vector. 

For the R-sector using ( p!73| ) we see that the ground states are massless. As 
discussed above, quantizing the zero modes of fermions implies that they are spinors. 
Moreover GSO projection, which is projection on a definite (—1)'^ state, amounts to 
projecting to spinors of a given chirality. So after GSO projection we get a massless 
spinor of a definite chirality. Let us denote the spinor of one chirality by s and the 
other one by s' . 

Now let us combine the left- and right-moving sectors together. Here we run into 
two distinct possibilities: A) The GSO projections on the left- and right-movers are 
different and lead in the R sector to ground states with different chirality. B) The 
GSO projections on the left- and right-movers are the same and lead in the R 
sector to ground states with the same chirality. The first case is known as type HA 
superstring and the second one as type IIB. Let us see what kind of massless modes 
we get for either of them. From NS®NS we find for both type IIA,B 

NS®NS ^v(^v-^ {g^^, B^^, 0) 

From the NS R and R NS we get the fermions of the theory (including the 
gravitinos). However the HA and IIB differ in that the gravitinos of IIB are of the 
same chirality, whereas for HA they are of the opposite chirality. This implies that 
IIB is a chiral theory whereas HA is non-chiral. Let us move to the R® R sector. 
We find 

II A : R0R = s0s' ^ {A^, C^yp) 
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(1.6) 



where all the tensors appearing above are fully antisymmetric. Moreover D^^px has 
a self-dual field strength F — dD — *F. It turns out that to write the equations 
of motion in a unified way it is convenient to consider a generalized gauge fields 
A and B in the IIA and IIB case respectively by adding all the fields in the RR 
sector together with the following properties: i) A{B) involve all the odd (even) 
dimensional antisymmetric fields, ii) the equation of motion is dA = *dA. In the 
case of all fields (except Dfj_i,\p) this equation allows us to solve for the forms with 
degrees bigger than 4 in terms of the lower ones and moreover it implies the field 
equation d * dA — which is the familiar field equation for the gauge fields. In the 
case of the IP-field it simply gives that its field strength is self-dual. 

1.1.3 Open Superstring: Type I String 

In the case of type IIB theory in 10 dimensions, we note that the left- and 
right-moving degrees of freedom on the worldsheet are the same. In this case we can 
'mod out' by a reflection symmetry on the string; this means keeping only the states 
in the full Hilbert space which are invariant under the left-/right- moving exchange 
of quantum numbers. This is simply projecting the Hilbert space onto the invariant 
subspace of the projection operator P = ^(l + il) where Q exchanges left- and right- 
movers, fl is known as the orientifold operation as it reverses the orientation on the 
world-sheet. Note that this symmetry only exists for IIB and not for IIA theory 
(unless we accompany it with a parity reflection in spacetime). Let us see which 
bosonic states we will be left with after this projection. From the NS-NS sector B^i, 
is odd and projected out and thus we are left with the symmetric parts of the tensor 
product 



Prom the R-R sector since the degrees of freedom are fermionic from each sector we 
get, when exchanging left- and right-movers an extra minus sign which thus means 



NS - NS ^ {v^ v) 



symm. — 
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we have to keep anti-symmetric parts of the tensor product 



R R ^ ("S ® anti—symm. B^^y. 

This is not the end of the story, however. In order to make the theory consistent 
we need to introduce a new sector in this theory involving open strings. This comes 
about from the fact that in the R-R sector there actually is a 10 form gauge potential 
which has no propagating degree of freedom, but acquires a tadpole. Introduction 
of a suitable open string sector cancels this tadpole. 

As noted before the construction of open string sector Hilbert space proceeds as 
in the closed string case, but now, the left-moving and right-moving modes become 
indistinguishable due to reflection off the boundaries of open string. We thus get 
only one copy of the oscillators. Moreover we can associate 'Chan-Paton' factors 
to the boundaries of open string . To cancel the tadpole it turns out that we need 
32 Chan-Paton labels on each end. We still have two sectors corresponding to the 
NS and R sectors. The NS sector gives a vector field and the R sector gives the 
gaugino. The gauge field has two additional labels coming from the end points of 
the open string and it turns out that the left-right exchange projection of the type 
IIB theory translates to keeping the antisymmetric component of ^4^ = which 
means we have an adjoint of 5*0(32). Thus all put together, the bosonic degrees of 
freedom are 

We should keep in mind here that B came not from the NS-NS sector, but from the 
R-R sector. 

1.1.4 Heterotic Strings 

Heterotic string is a combination of bosonic string and superstring, where 
roughly speaking the left-moving degrees of freedom are as in the bosonic string and 
the right-moving degrees of freedom are as in the superstring. It is clear that this 
makes sense for the construction of the states because the left- and right-moving 
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sectors hardly talk with each other. This is almost true, however they are linked 
together by the zero modes of the bosonic oscillators which give rise to momenta 
{Pl, Pr). Previously we had Pl = Pr but now this cannot be the case because Pl is 
26 dimensional but Pr is 10 dimensional. It is natural to decompose Pl to a 10+16 
dimensional vectors, where we identify the 10 dimensional part of it with Pr. It turns 
out that for the consistency of the theory the extra 16 dimensional component should 
belong to the root lattice of x Eg or a sublattice of 5*0(32) weight lattice. 
In either of these two cases the vectors in the lattice with (length)"^ = 2 are in one 
to one correspondence with non-zero weights in the adjoint of Eg x Eg and SO{32) 
respectively. These can also be conveniently represented (through bosonization) by 
32 fermions: In the case of E^ x E^ we group them to two groups of 16 and consider 
independent NS, R sectors for each group. In the case of 5*0(32) we only have one 
group of 32 fermions with either NS or R boundary conditions. 

Let us tabulate the massless modes using (|1.4| ). The right-movers can be either 
NS or R. The left-moving degrees of freedom start out with a tachyonic mode. But 
( p.. 41) implies that this is not satisfying the level-matching condition because the 
right-moving ground state is at zero energy. Thus we should search on the left- 
moving side for states with Lq = which means from ( |1.4| ) that we have either 
Nl = 1 or (1/2)P| = 1, where Pl is an internal 16 dimensional vector in one of the 
two lattices noted above. The states with Nl = 1 are 

16 ®v, 

where 16 corresponds to the oscillation direction in the extra 16 dimensions and 
V corresponds to vector in 10 dimensional spacetime. States with (1/2)P| = 1 
correspond to the non-zero weights of the adjoint of Eg, x Eg or 50(32) which 
altogether correspond to 480 states in both cases. The extra 16 Nl = 1 modes 
combine with these 480 states to form the adjoints of Eg x Eg or 50(32) respectively. 
The right-movers give, as before, a f © s from the NS and R sectors respectively. So 
putting the left- and right-movers together we finally get for the massless modes 

{v © Adj) ®{v®s). 
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Thus the bosonic states are {v © Adj) ® v which gives 

where the A^ is in the adjoint of x or 5*0(32). Note that in the 5*0(32) case 
this is an identical spectrum to that of type I strings. 

1.1.5 Summary 

To summarize, we have found 5 consistent strings in 10 dimensions: Type IIA 
with N — 2 non-chiral supersymmetry, type IIB with N — 2 chiral supersymmetry, 
type I with N=l supersymmetry and gauge symmetry 5*0(32) and heterotic strings 
with N=l supersymmetry with 5*0(32) or Eg x Eg gauge symmetry. Note that as 
far as the massless modes are concerned we only have four inequivalent theories, 
because heterotic 5*0(32) theory and Type I theory have the same hght degrees 
of freedom. In discussing compactifications it is sometimes natural to divide the 
discussion between two cases depending on how many super symmetries we start 
with. In this context we will refer to the type IIA and B as A'" = 2 theories and 
Type I and heterotic strings as A" = 1 theories. 

1.2 String Compactifications 

So far we have only talked about superstrings propagating in 10 dimensional 
Minkowski spacetime. If we wish to connect string theory to the observed four di- 
mensional spacetime, somehow we have to get rid of the extra 6 directions. One 
way to do this is by assuming that the extra 6 dimensions are tiny and thus unob- 
servable in the present day experiments. In such scenarios we have to understand 
strings propagating not on ten dimensional Minkowski spacetime but on four di- 
mensional Minkowski spacetime times a compact 6 dimensional manifold K. In 
order to gain more insight it is convenient to consider compactifications not just to 
4 dimensions but to arbitrary dimensional spacetimes, in which case the dimension 
of K is variable. 
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The choice of K and the string theory we choose to start in 10 dimensions will 
lead to a large number of theories in diverse dimensions, which have different number 
of supersymmetries and different low energy effective degrees of freedom. In order 
to get a handle on such compactifications it is useful to first classify them according 
to how much supersymmetry they preserve. This is useful because the higher the 
number of supersymmetry the less the quantum corrections there are. 

If we consider a general manifold K we find that the supersymmetry is com- 
pletely broken. This is the case we would really like to understand, but it turns out 
that string perturbation theory always breaks down in such a situation; this is inti- 
mately connected with the fact that typically cosmological constant is generated by 
perturbation theory and this destabilizes the Minkowski solution. For this reason 
we do not even have a single example of such a class whose dynamics we under- 
stand. Instead if we choose K to be of a special type we can preserve a number of 
supersymmetries. 

For this to be the case, we need K to admit some number of covariantly constant 
spinors. This is the case because the number of supercharges which are 'unbroken' 
by compactification is related to how many covariantly constant spinors we have. 
To see this note that if we wish to define a constant supersymmetry transformation, 
since a space-time spinor, is also a spinor of internal space, we need in addition a 
constant spinor in the internal compact directions. The basic choices are manifolds 
with trivial holonomy (fiat tori are the only example), SU {n) holonomy (Calabi-Yau 
n-folds), Sp{n) holonomy (4n dimensional manifolds), 7-manifolds of G2 holonomy 
and 8-manifolds of Spin{7) holonomy. The case mostly studied in physics involves 
toroidal compactification, SU{2) = Sp{l) holonomy manifold (the 4-dimensional 
K3), SU{3) holonomy (Calabi-Yau 3-folds). Calabi-Yau 4-folds have also recently 
appeared in connection with F-theory compactification to 4 dimensions 0, |, |], ^ . 
The cases of 5^(2) holonomy manifolds (8 dimensional) and G2 and Spin{7) end up 
giving us compactifications below 4 dimensions. 



14 



1.2.1 Toroidal Compactifications 

The space with maximal number of covariantly constant spinors is the fiat 
torus T"'. This is also the easiest to describe the string propagation in. The main 
modification to the construction of the Hilbert space from fiat non-compact space 
in this case involves relaxing the condition Pl = Pr because the string can wrap 
around the internal space and so X does not need to come back to itself as we go 
around a. In particular if we consider compactification on a circle of radius R we 
can have 

{PL,PR) = {^ + mR, — -mR). 

Here n labels the center of mass momentum of the string along the circle and m labels 
how many times the string is winding around the circle. Note that the spectrum of 
allowed {Pl, Pr) is invariant under R 1/2R. All that we have to do is to exchange 
the momentum and winding modes {n ^ m). This symmetry is a consequence of 
what is known as T- duality f^. 

If we compactify on a d-dimensional torus T'^ it can be shown that {Pl, Pr) 
belong to a 2d dimensional lattice with signature {d, d) . Moreover this lattice is 
integral, self-dual and even. Evenness means, Pl — P^ is even for each lattice vector. 
Self-duality means that any vector which has integral product with all the vectors 
in the lattice sits in the lattice as well. It is an easy exercise to check these condition 
in the one dimensional circle example given above. Note that we can change the 
radii of the torus and this will clearly affect the {Pl,Pr). Given any choice of a 
d-dimensional torus compactifications, all the other ones can be obtained by doing 
an SO{d,d) Lorentz boost on {Pl,Pr) vectors. Of course rotating {Pl,Pr) by an 
0{d) X 0{d) transformation does not change the spectrum of the string states, so 
the totahty of such vectors is given by 

SO{d,d) 
SO{d) X SO{d). 

Some Lorentz boosts will not change the lattice and amount to relabeling the states. 
These are the boosts that sit in 0{d,d;Z) (i.e. boosts with integer coefficients), 
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because they can be undone by choosing a new basis for the lattice by taking an 
integral linear combination of lattice vectors. So the space of inequivalent choices 
are actually given by 

SO{d,d) 

SO(d) X SO(d) X 0(d,d;Z). 

The 0{d, d; Z) generalizes the T-duality considered in the 1- dimensional case. 

1.2.2 Compactifications on K3 

The four dimensional manifold K3 is the only compact four dimensional man- 
ifold, besides T^, which admits covariantly constant spinors. In fact it has exactly 
half the number of covariantly constant spinors as on T*^ and thus preserves half of 
the supersymmetry that would have been preserved upon toroidal compactification. 
More precisely the holonomy of a generic four manifold is SO (4:). If the holon- 
omy resides in an SU{2) subgroup of 5'0(4) which leaves an SU{2) part of 5'0(4) 
untouched, wc end up with one chirality of 5*0(4) spinor being unaffected by the 
curvature of K3, which allows us to define supersymmetry transformations as if K3 
were flat (note a spinor of 5*0(4) decomposes as (2, 1) (1, 2) of SU{2) x SU{2)). 

There are a number of realizations of K3, which are useful depending on which 
question one is interested in. Perhaps the simplest description of it is in terms 
of orbifolds. This description of K3 is very close to toroidal compactification and 
differs from it by certain discrete isometries of the T"^ which are used to (generically) 
identify points which are in the same orbit of the discrete group. Another description 
is as a 19 complex parameter family of K3 defined by an algebraic equation. 

Consider a which for simplicity we take to be parametrized by four real 
coordinates Xi with i = 1,...,4, subject to the identifications Xi ^ Xi + 1. It is 
sometimes convenient to think of this as two complex coordinates Zi — Xi+ 1x2 and 
Z2 — -\- ixi with the obvious identifications. Now we identify the points on the 
torus which are mapped to each other under the Z2 action (involution) given by 
refiection in the coordinates Xi — > — Xj, which is equivalent to 
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Note that this action has 2^ = 16 fixed points given by the choice of midpoints or 
the origin in any of the four Xi. The resulting space is singular at any of these 16 
fixed points because the angular degree of freedom around each of these points is 
cut by half. Put differently, if we consider any primitive loop going 'around' any of 
these 16 fixed point, it corresponds to an open curve on which connects pairs of 
points related by the Z2 involution. Moreover the parallel transport of vectors along 
this path, after using the Z2 identification, results in a fiip of the sign of the vector. 
This is true no matter how small the curve is. This shows that we cannot have a 
smooth manifold at the fixed points. 

When we move away from the orbifold points of K3 the description of the ge- 
ometry of K3 in terms of the properties of the and the Z2 twist become less 
relevant, and it is natural to ask about other ways to think about K3. In general 
a simple way to define complex manifolds is by imposing complex equations in a 
compact space known as the projective n-space CP". This is the space of complex 
variables {zi, Zn+i) excluding the origin and subject to the identification 

One then considers the vanishing locus of a homogeneous polynomial of degree d, 
Wd{zi) = to obtain an n — 1 dimensional subspace of CP". An interesting special 
case is when the degree is d — n + 1. In this case one obtains an n — 1 complex 

dimensional manifold which admits a Ricci-flat metric. This is the case known as 
Calabi-Yau. For example, if we take the case n = 2, by considering cubics in it 

zf + Z2 + zl + aZiZ2Zs = 

we obtain an elliptic curve, i.e. a torus of complex dimension 1 or real dimension 2. 
The next case would be n = 3 in which case, if we consider a quartic polynomial in 
CP^ we obtain the 2 complex dimensional K3 manifold: 

W — Zi + Z2 + z^ + z^ + deformations = 0. 

There are 19 inequivalent quartic terms we can add. This gives us a 19 dimensional 
complex subspace of 20 dimensional complex moduli of the K3 manifold. Clearly 
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this way of representing K3 makes the complex structure description of it very 
manifest, and makes the Kahler structure description imphcit. 

Note that for a generic quartic polynomial the K3 we obtain is non-singular. 
This is in sharp contrast with the orbifold construction which led us to 16 singular 
points. It is possible to choose parameters of deformation which lead to singular 
points for K3. For example if we consider 

+ Z2+ + zl + AziZ2Z2,Zi = 

it is easy to see that the resulting K3 will have a singularity (one simply looks for 
non-trivial solutions to dW = 0). 

There are other ways to construct Calabi-Yau manifolds and in particular XS's. 
One natural generalization to the above construction is to consider weighted pro- 
jective spaces where the Zi are identified under different rescalings. In this case one 
considers quasi-homogeneous polynomials to construct submanifolds. 

1.2.3 Calabi-Yau Threefolds 

Calabi-Yau threefolds are manifolds with SU{3) holonomy. The compacti- 
fication on manifolds of SU{3) holonomy preserves 1/4 of the supersymmetry. In 
particular if we compactify N — 2 theories on Calabi-Yau threefolds we obtain 
N — 2 theories in d — A, whereas if we consider = 1 theories we obtain = 1 
theories in d — A. 

If we wish to construct the Calabi-Yau threefolds as toroidal orbifolds we need 
to consider six dimensional tori, three complex dimensional, which have discrete 
isometries residing in SU{3) subgroup of the 0(6) = SU{4) holonomy group. A 
simple example is if we consider the product of three copies of corresponding 
to the Hexagonal lattice and mod out by a simultaneous Z3 rotation on each torus 
(this is known as the 'Z-orbifold'). This Z3 transformation has 27 fixed points which 
can be blown up to give rise to a smooth Calabi-Yau. 

We can also consider description of Calabi-Yau threefolds in algebraic geometry 
terms for which the complex deformations of the manifold can be typically realized 
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as changes of coefficients of defining equations, as in the K3 case. For instance we 
can consider the projective 4-space CP^ defined by 5 complex not all vanishing coor- 
dinates Zi up to overall rescaling, and consider the vanishing locus of a homogeneous 
degree 5 polynomial 

P^izi, ...^z^) = 0. 

This defines a Calabi-Yau threefold, known as the quintic three-fold. This can be 
generalized to the case of product of several projective spaces with more equations. 
Or it can be generalized by taking the coordinates to have different homogeneity 
weights. This will give a huge number of Calabi-Yau manifolds. 

1.3 Solitons in String Theory 

Solitons arise in field theories when the vacuum configuration of the field has 
a non-trivial topology which allows non-trivial wrapping of the field configuration 
at spatial infinity around the vacuum manifold. These will carry certain topological 
charge related to the 'winding' of the field configuration around the vacuum con- 
figuration. Examples of solitons include magnetic monopoles in four dimensional 
non-abelian gauge theories with unbroken f/(l), cosmic strings and domain walls. 
The solitons naively play a less fundamental role than the fundamental fields which 
describe the quantum field theory. In some sense we can think of the solitons as 
'composites' of more fundamental elementary excitations. However as is well known, 
at least in certain cases, this is just an illusion. In certain cases it turns out that 
we can reverse the role of what is fundamental and what is composite by consid- 
ering a different regime of parameter. In such regimes the soliton may be viewed 
as the elementary excitation and the previously viewed elementary excitation can 
be viewed as a soliton. A well known example of this phenomenon happens in 2 
dimensional field theories. Most notably the boson/fermion equivalence in the two 
dimensional sine-Gordon model, where the fermions may be viewed as solitons of 
the sine-Gordon model and the boson can be viewed as a composite of fermion-anti- 
fermion excitation. Another example is the T-duality we have already discussed in 
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the context of 2 dimensional world sheet of strings which exchanges the radius of 
the target space with its inverse. In this case the winding modes may be viewed 
as the solitons of the more elementary excitations corresponding to the momentum 
modes. As discussed before — > exchanges momentum and winding modes. In 
anticipation of generalization of such dualities to string theory, it is thus important 
to study various types of solitons that may appear in string theory. 

As already mentioned solitons typically carry some conserved topological charge. 
However in string theory every conserved charge is a gauge symmetry. In fact this 
is to be expected from a theory which includes quantum gravity. This is because 
the global charges of a black hole will have no influence on the outside and by the 
time the black hole disappears due to Hawking radiation, so docs the global charges 
it may carry. So the process of formation and evaporation of black hole leads to a 
non-conservation of global charges. Thus for any sohton, its conserved topological 
charge must be a gauge charge. This may appear to be somewhat puzzling in view of 
the fact that solitons may be point-like as well as string-like, sheet-like etc. We can 
understand how to put a charge on a point-like object and gauge it. But how about 
the higher dimensional extended solitonic states? Note that if we view the higher 
dimensional solitons as made of point-like structures the soliton has no stability 
criterion as the charge can disintegrate into httle bits. 

Let us review how it works for point particles (or point solitons): We have a 
1-form gauge potential and the coupling of the particle to the gauge potential 
involves weighing the world-line propagating in the space-time with background ^4^ 



where 7 is the world line of the particle. The gauge principle follows from defining 
an action in terms oi F = dA: 



where *F is the dual of the F, where we note that shifting A ^ de for arbitrary 
function e will not modify the action. 



by 




7 




(1.7) 



20 



Suppose we now consider instead of a point particle a p-dimensional extended 
object. In this convention p = corresponds to the case of point particles and p = 1 
corresponds to strings and p = 2 corresponds to membranes, etc. We shall refer to 
p-dimensional extended objects as p-branes (generalizing 'membrane'). Note that 
the world- volume of a p-brane is a p + 1 dimensional subspace 7^+1 of space-time. To 
generalize what we did for the case of point particles we introduce a gauge potential 
which is a p + 1 form Ap+i and couple it to the charged p + 1 dimensional state by 



Zexp{i / Ap^i] 



Ip+l 

Just as for the case of the point particles we introduce the field strength F = dA 
which is now a totally antisymmetric p+2 tensor. Moreover we define the action as in 
(|1.7|), which possesses the gauge symmetry A de where e is a totally antisymmetric 



tensor of rank p. 



1.3.1 Magnetically Charged States 

The above charge defines the generalization of electrical charges for extended 
objects. Can we generalize the notion of magnetic charge? Suppose we have an 
electrically charged particle in a theory with space-time dimension D. Then we 
measure the electrical charge by surrounding the point by an S^^'^ sphere and 
integrating *F (which is a D — 2 form) on it, i.e. 




Similarly it is natural to define the magnetic charge. In the case of D = 4, i.e. four 
dimensional space-time, the magnetically charged point particle can be surrounded 
also by a sphere and the magnetic charge is simply given by 




Now let us generalize the notion of magnetic charged states for arbitrary dimen- 
sions D of space-time and arbitrary electrically charged p-branes. From the above 
description it is clear that the role that *F plays in measuring the electric charge 
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is played by F in measuring the magnetic charge. Note that for a p-brane F is 
p + 2 dimensional, and *F is D — p — 2 dimensional. Moreover, note that a sphere 
surrounding a p-brane is a sphere of dimension D — p — 2. Note also that for p = 
this is the usual situation. For higher p, a p-dimensional subspace of the space-time 
is occupied by the extended object and so the position of the object is denoted by 
a point in the transverse {D — 1) — p dimensional space which is surrounded by an 
gD-p-2 (Jiniensional sphere. 

Now for the magnetic states the role of F and *F are exchanged: 

F ^ *F. 

To be perfectly democratic we can also define a magnetic gauge potential A with 
the property that 

dA^ *F ^ *dA. 

In particular noting that F is a p + 2 form, we learn that *FisanD— p — 2 form 
and thus A is a,n D — p — 3 form. We thus deduce that the magnetic state will be 
an D —p — 4-brane (i.e. one dimension lower than the degree of the magnetic gauge 
potential A). Note that this means that if we have an electrically charged p-brane, 
with a magnetically charged dual g-brane then we have 

p + q = D-4:. (1.8) 

This is an easy sum rule to remember. Note in particular that for a 4-dimensional 
space-time an electric point charge (p = 0) will have a dual magnetic point charge 
(g = 0). Moreover this is the only space-time dimension where both the electric and 
magnetic dual can be point-like. 

Note that a p-brane wrapped around an r-dimensional compact object will ap- 
pear as a p — r-brane for the non-compact space-time. This is in accord with the 
fact that if we decompose the p -|- 1 gauge potential into an {p + 1 — r) + r form 
consisting of an r-form in the compact direction we will end up with an p -|- 1 — r 
form in the non-compact directions. Thus the resulting state is charged under the 
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left-over part of the gauge potential. A particular case of this is when r = p in 
which case we are wrapping a p-dimensional extended object about a p-dimensional 
closed cycle in the compact directions. This will leave us with point particles in the 
non-compact directions carrying ordinary electric charge under the reduced gauge 
potential which now is a 1-form. 

1.3.2 String Solitons 

From the above discussion it follows that the charged states will in principle 
exist if there are suitable gauge potentials given by p+ 1-forms. Let us first consider 
type II strings. Recall that from the NS-NS sector we obtained an anti-symmetric 2- 
form B^,,. This suggests that there is a 1-dimensional extended object which couples 
to it by 




But that is precisely how B couples to the world-sheet of the fundamental string. 
We thus conclude that the fundamental string carries electric charge under the an- 
tisymmetric field B. What about the magnetic dual to the fundamental string? 
According to (|1.8|) and setting d = 10 and p = 1 we learn that the dual magnetic 
state will be a 5-brane. Note that as in the field theories, we expect that in the 
perturbative regime for the fundamental fields, the solitons be very massive. This 
is indeed the case and the 5-brane magnetic dual can be constructed as a solitonic 
state of type II strings with a mass per unit 5- volume going as I/Qs where is the 
string coupling. Conversely, in the strong coupling regime these 5-branes are light 
and at infinite coupling they become massless, i.e. tensionless 5-branes 

Let us also recall that type II strings also have anti-symmetric fields coming 
from the R-R sector. In particular for type IIA strings we have 1-form and 
3-form C^up gauge potentials. Note that the corresponding magnetic dual gauge 
fields will be 7-forms and 5-forms respectively (which are not independent degrees 
of freedom). We can also include a 9-form potential which will have trivial dynamics 
in 10 dimensions. Thus it is natural to define a generalized gauge field A by taking 
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the sum over all odd forms and consider the equation T = *T where T = dA. 
A similar statement applies to the type IIB strings where from the R-R sector we 
obtain all the even-degree gauge potentials (the case with degree zero can couple to 
a "— 1-brane" which can be identified with an instanton, i.e. a point in space-time). 
We are thus led to look for p-branes with even p for type IIA and odd p for type 
IIB which carry charge under the corresponding RR gauge field. It turns out that 
surprisingly enough the states in the elementary excitations of string all are neutral 
under the RR fields. We are thus led to look for solitonic states which carry RR 
charge. Indeed there are such p-branes and they are known as D-branes |10|, ^ , as 
we will now review. 



1.3.3 D-Branes 

In the context of field theories constructing solitons is equivalent to solving 
classical field equations with appropriate boundary conditions. For string theory the 
condition that we have a classical solution is equivalent to the statement that prop- 
agation of strings in the corresponding background would still lead to a conformal 
theory on the worldsheet of strings, as is the case for free theories. 

In search of such stringy p-branes, we are thus led to consider how could a p- 
brane modify the string propagation. Consider an p -|- 1 dimensional plane, to be 
identified with the world-volume of the p-brane. Consider string propagating in this 
background. How could we modify the rules of closed string propagation given this 
p+1 dimensional sheet? The simplest way turns out to allow closed strings to open 
up and end on the p + 1 dimensional world-volume. In other words we allow to 
have a new sector in the theory corresponding to open string with ends lying on 
this p + 1 dimensional subspace. This will put Dirichlet boundary conditions on 
10 — p — 1 coordinates of string endpoints. Such p-branes are called D-branes, with 
D reminding us of Dirichlet boundary conditions. In the context of type IIA,B we 
also have to specify what boundary conditions are satisfied by fermions. This turns 
out to lead to consistent boundary conditions only for p even for type IIA string 
and p odd for type IIB. This is a consequence of the fact that for type IIA(B), left- 
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right exchange is a symmetry only when accompanied by a Z2 spatial reflection with 
determinant -1(+1). Moreover, it turns out that they do carry the corresponding 
RR charge [g. 

Quantizing the new sector of type II strings in the presence of D-branes is rather 
straightforward. We simply consider the set of oscillators as before, but now re- 
member that due to the Dirichlet boundary conditions on some of the components 
of string coordinates, the momentum of the open string lies on the p + 1 dimensional 
world- volume of the D-brane. It is thus straightforward to deduce that the mass- 
less excitations propagating on the D-brane will lead to the dimensional reduction 
of = 1, f/(l) Yang-Mills from d = 10 to p + 1 dimensions. In particular the 
10 — + 1) scalar fields living on the D-brane, signify the D-brane excitations in 
the 10 — 1) transverse dimensions. This tells us that the significance of the new 
open string subsector is to quantize the D-brane excitations. 

An important property of D-branes is that when N of them coincide we get a 
U{N) gauge theory on their world-volume. This follows because we have A^^ open 
string subsectors going from one D-brane to another and in the limit they are on 
top of each other all will have massless modes and we thus obtain the reduction of 
N = 1 U{N) Yang-Mills from d = 10 to d = p + 1. 

Another important property of D-branes is that they are BPS states. A BPS 
state is a state which preserves a certain number of supersymmetries and as a con- 
sequence of which one can show that their mass (per unit volume) and charge are 
equal. This in particular guarantees their absolute stability against decay. 

If we consider the tension of D-branes, it is proportional to I/Qs, where Qs is the 
string coupling constant. Note that as expected at weak coupling they have a huge 
tension. At strong coupling their tension goes to zero and they become tensionless . 

We have already discussed that in K3 compactification of string theory we end 
up with singular limits of manifolds when some cycles shrink to zero size. What is 
the physical interpretation of this singularity? 

Suppose we consider for concreteness an n-dimensional sphere S"' with volume 
e — s> 0. Then the string perturbation theory breaks down when e << Qg, where Qg is 
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the string coupling constant. If we have n-brane sohtonic states such as D-branes 
then we can consider a particular solitonic state corresponding to wrapping the n- 
brane on the vanishing S^. The mass of this state is proportional to e, which implies 
that in the limit e ^ we obtain a massless soliton. An example of this is when 
we consider type IIA compactification on 7^3 where we develop a singularity. Then 
by wrapping D2-branes around vanishing S^'s of the singularity we obtain massless 
states, which are vectors. This in fact implies that in this limit we obtain enhanced 
gauge symmetry. Had we been considering type IIB on K2i near the singularity, the 
lightest mode would be obtained by wrapping a D3-brane around vanishing S'^'s, 
which leaves us with a string state with tension of the order of e [O, |T^. This 



kind of regime which exists in other examples of compactifications as well is called 
the phase with tensionless strings |15|, |T|, 0, 0, |19], |0|, |21], |2|, 0, 0, g5|, [g^. 



8|, ^ ^, |33, ^, M 



We could consider higher dimensional D-branes wrapping around the vanishing 
cycles and obtain tensionless p-branes with p > 1, but in such cases by dimensional 
analysis one can see that the relevant mass scale would be smallest for the smallest 
dimension D-brane. 

1.4 From M-Theory to Tensionless Strings 

M-theory is the hypothetical unification of several types of 10- dimensional 
strings ||3^, Its low-energy effective description is the 11- dimensional super- 
gravity, and some valuable information can be extracted from its classical solutions. 
The basic dynamical objects of the M-theory are the 2-brane, which is electrically 
charged under the 3-form gauge field, and its magnetic dual, the 5-brane. The dy- 
namics governing the M-brane interactions is by no means well-understood. Some 
of its features may be inferred, however, from compactification to string theory, 
where the RR charged p-branes have a remarkably simple description in terms of 



the D-branes fS^, |T|, |Tl| . 

The D-branes are objects on which the fundamental strings are allowed to end. 
There is evidence that a similar phenomenon takes place in M-theory: the funda- 
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mental 2-branes are allowed to have boundaries on the solitonic 5-branes |T^]. 
Thus, the 5-brane is the D-object of M-theory. The boundary of a 2-brane is a 
string, and the resulting boundary dynamics appears to reduce to a kind of string 
theory defined on the 5 + 1 dimensional world- volume. This picture has a number of 
interesting implications. Consider, for instance, two parallel 5-branes with a 2-brane 
stretched between them |T5|. The two boundaries of the 2-brane give rise to two 
strings, lying within the first and second 5-branes respectively. The tension of these 
strings may be made arbitrarily small as the 5-branes are brought close together. In 
particular, it can be made much smaller than the Planck scale, which implies that 
the effective 5 + 1 dimensional string theory is decoupled from gravity \T3\. While 
it is not clear how to describe such a string theory in world sheet terms, it has been 
suggested that its spectrum is given by the Green-Schwarz approach (5 + 1 is one 
of the dimensions where the Green-Schwarz string is classically consistent). In the 
limit of coincident 5-branes, we seem to find a theory of tensionless strings. These 
strings carry (0, 4) supersymmetry in 5 + 1 dimensions. Strings with (0, 2) super- 
symmetry were explored from several different points of view in refs. [|^, |18|, for 
example. 
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2 APPEARANCE OF THE NULL BRANES 



In the previous section we saw on examples how tensionless strings and branes 
may appear in modern string theory. Here we are going to consider these and other 
cases in some details. 



2.1 Compactifications 



In it is shown that many of the p-branes of type II string theory and 
D = 11 supergravity can have boundaries on other j9-branes. The rules for when 
this can and cannot occur are derived from charge conservation. For example it 
is found that membranes in Z) = 11 supergravity and IIA string theory can have 
boundaries on fivebranes. The boundary dynamics are governed by the self-dual 
D = 6 string. A collection of parallel fivebranes contains A^(A^ — l)/2 self-dual 
strings which become tensionless as the fivebranes approach one another. 



In the author analyzes M-theory compactified on {K3 x S^)/Z2 where the Z2 
changes the sign of the three form gauge field, acts on as a parity transformation 
and on K3 as an involution with eight fixed points preserving SU(2) holonomy. 
At a generic point in the moduli space the resulting theory has as its low energy 
limit A^ = 1 supergravity theory in six dimensions with eight vector, nine tensor 
and twenty hypermultiplets. The gauge symmetry can be enhanced {e.g. to Eg) 
at special points in the moduli space. At other special points in the moduli space 
tensionless strings appear in the theory. 

In |]17[ T-duality is used to extract information on an instanton of zero size in 



the Es X Eg heterotic string. The authors discuss the possibility of the appearance 
of a tensionless anti-self-dual non-critical string through an implementation of the 
mechanism suggested by Strominger of two coincident 5-branes |T^. It is argued 
that when an instanton shrinks to zero size a tensionless non-critical string appears 
at the core of the instanton. It is further conjectured that appearance of tensionless 
strings in the spectrum leads to new phase transitions in six dimensions in much 
the same way as massless particles do in four dimensions. 
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The paper |]T3 discusses the singularities in the moduh space of string compact- 
ifications to six dimensions with = 1 supersymmetry. Such singularities arise 
from either massless particles or non-critical tensionless strings. The points with 
tensionless strings are sometimes phase transition points between different phases 
of the theory. These results appear to connect all known N = 1 supersymmetric 
six-dimensional vacua. 

Heterotic strings on x K3 generically appear to undergo some interesting 
new phase transition at that value of the string coupling for which the one of 
the six-dimensional gauge field kinetic energies changes sign. An exception is the 
Es X Eg string with equal instanton numbers in the two -Eg's, which admits a het- 



erotic/heterotic self-duality. In |jT9[ the dyonic string solution of the six-dimensional 
heterotic string is generalized to include non-trivial gauge field configurations cor- 
responding to self-dual Yang-Mills instantons in the four transverse dimensions. It 
is found that vacua which undergo a phase transition always admit a string solu- 
tion exhibiting a naked singularity, whereas for vacua admitting a self-duality the 
solution is always regular. When there is a phase transition, there exists a choice of 
instanton numbers for which the dyonic string is tensionless and quasi-anti-self-dual 
at that critical value of the coupling. For an infinite subset of the other choices of 
instanton number, the string will also be tensionless, but all at larger values of the 
coupling. 



Phase transitions in M-theory and F-theory are studied in PD[. In M-theory 



compactification to five dimensions on a Calabi-Yau, there are topology- changing 
transitions similar to those seen in conformal field theory, but the non-geometrical 
phases known in conformal field theory are absent. At boundaries of moduli space 
where such phases might have been expected, the moduli space ends, by a con- 
ventional or unconventional physical mechanism. The unconventional mechanisms, 
which roughly involve the appearance of tensionless strings, can sometimes be better 
understood in F-theory. 

When A^ five-branes of M-theory coincide, the world-volume theory contains 
tensionless strings, according to Strominger's construction. This suggests a large A^ 
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limit of tensionless string theories. For the small Eg instanton theories, the definition 



would be a large instanton number. An adiabatic argument suggests ^T|] that in 



the large N limit an effective extra uncompactified dimension might be observed. In 



| 2l| a kind of "surface-equations" are also proposed and might describe correlators 
in the tensionless string theories. In these equations, the anti-self-dual two forms of 
6D and the tensionless strings enter on an equal footing. 



In the authors argue for the existence of phase transitions in 3 + 1 dimensions 
associated with the appearance of tensionless strings. The massless spectrum of this 
theory does not contain a graviton: it consists of one N = 2 vector multiplet and 
one linear multiplet, in agreement with the light-cone analysis of the Green-Schwarz 
string in 3 + 1 dimensions. In M-theory the string decoupled from gravity arises 
when two 5-branes intersect over a three-dimensional hyperplane. The two 5-branes 
may be connected by a 2-brane, whose boundary becomes a tensionless string with 
N = 2 supersymmetry in 3 + 1 dimensions. 

A class of four dimensional N=l compactifications of the SO{32) heterotic/type I 
string theory which are destabilized by nonperturbatively generated superpotentials 



are described in p3|. In the type I description, the destabilizing superpotential is 
generated by a one instanton effect or gaugino condensation in a nonperturbative 
SU (2) gauge group. The dual, heterotic description involves destabilization due to 
world-sheet instanton or half world-sheet instanton effects in the two cases. The 
analysis performed, also suggests that the tensionless strings which arise in the 
Eg X Es theory in six dimensions when an instanton shrinks to zero size should, in 
some cases, have supersymmetry breaking dynamics upon further compactification 
to four dimensions. 



In the article |24] the appearance of tensionless strings in M-theory is examined. 
These tensionless strings are subsequently interpreted in a string theory context. In 
particular, tensionless strings appearing in M-theory on S^, M-theory on S^/Z2, and 
M-theory on are examined. An interpretation is given for the appearance of such 
strings in a string theory context. Then the appearance of some tensionless strings 
in string theory is examined. Subsequently the author interprets these tensionless 
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strings in a M-theory context. 



In [^] F-theory 0] on elliptic threefold Calabi-Yau near colliding singularities is 
studied. It is demonstrated that resolutions of those singularities generically corre- 
spond to transitions to phases characterized by new tensor multiplets and enhanced 
gauge symmetry. These are governed by the dynamics of tensionless strings. 

The work is devoted to the examination of different aspects of Calabi-Yau 
four-folds as compactification manifolds of F-theory, using mirror symmetry of toric 
hypersurfaces. A discussion is given on the physical properties of the space-time 
theories, for a number of examples which are dual to Eg x Eg heterotic = 1 
theories. Non-critical strings of various kinds, with low tension for special values of 
the moduli, lead to interesting physical effects. A complete classification is given 
of those divisors in toric manifolds that contribute to the non-perturbative four- 
dimensional superpotential; the physical singularities associated to it are related 
to the appearance of tensionless strings. In some cases non-perturbative effects 
generate an everywhere non-zero quantum tension leading to a combination of a 
conventional field theory with light strings hiding at a low energy scale related to 
supersymmetry breaking. 

Type IIB strings compactified on K3 have a rich structure of solitonic strings, 
transforming under SO{21,5, Z). In [|14| the BPS tension formula for these strings 
is derived, and their properties, in particular, the points in the moduli space where 
certain strings become tensionless are discussed. By examining these tensionless 
string limits, the authors shed some further light on the conjectured dual M-theory 
description of this compactification. 

In the authors study critical points of the BPS mass Z, the BPS string ten- 



sion Zm, the black hole potential V and the gauged central charge potential P for 
M-theory compactified on Calabi-Yau three-folds. They first show that the stabiliza- 
tion equations for Z (determining the black hole entropy) take an extremely simple 
form in five dimensions as opposed to four dimensions. The stabilization equations 
for Zfn are also very simple and determine the size of the infinite AdSs-throat of 
the string. The black hole potential in general exhibits two classes of critical points: 
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super symmetric critical points which coincide with those of the central charge and 
non-supersymmetric critical points. Then the discussion is generalized to the entire 
extended Kahler cone encompassing topologically different but birationally equiv- 
alent Calabi-Yau three-folds that are connected via flop transitions. The behavior 
of the four potentials is examined to probe the nature of these phase transitions. 
It is found that V and P are continuous but not smooth across the flop transition, 
while Z and its first two derivatives, as well as Zm and its first derivative, are con- 
tinuous. This in turn implies that supersymmetric stabilization of Z and Z^ for a 
given configuration takes place in at most one point throughout the entire extended 
Kahler cone. The corresponding black holes (or string states) interpolate between 
different Calabi-Yau three-folds. At the boundaries of the extended Kahler cone 
electric states become massless and/or magnetic strings become tensionless. 



In it is shown how Higgs mechanism for non-abelian N = 2 gauge theories 
in four dimensions is geometrically realized in the context of type II strings as 
transitions among compactifications of Calabi-Yau threefolds. This result and T- 
duality are used for a further compacitification on a circle to derive N = 4, D = 
3 dual field theories. This reduces dualities for = 4 gauge systems in three 
dimensions to perturbative symmetries of string theory. Moreover, the dual of a 
gauge system always exists but may or may not correspond to a lagrangian system. 
In particular the conjecture of Intriligator and Seiberg is verified that an ordinary 
gauge system is dual to compacitification of exceptional tensionless string theory 
down to three dimensions. 

In 1^ using geometric engineering in the context of type II strings, the authors 



obtain exact solutions for the moduli space of the Coulomb branch of all = 2 gauge 
theories in four dimensions involving products of SU gauge groups with arbitrary 
number of bi-fundamental matter for chosen pairs, as well as an arbitrary number of 
fundamental matter for each factor. Asymptotic freedom restricts the possibilities 
to SU groups with bi-fundamental matter chosen according to ADE or affine ADE 
Dynkin diagrams. It is found that in certain cases the solution of the Coulomb 
branch for A^ = 2 gauge theories is given in terms of a three dimensional complex 
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manifold rather than a Riemann surface. A new stringy strong couphng fixed points 
are studied, arising from the compactification of higher dimensional theories with 
tensionless strings. Applications are considered to three dimensional = 4 theories. 

In an analysis is made of the world-volume theory of multiple Kaluza-Klein 
monopoles in string and M- theory by identifying the appropriate zero modes of 
various fields. The results are consistent with supersymmetry, and all conjectured 
duality symmetries. In particular for M-theory and type IIA string theory, the 
low energy dynamics of A^ Kaluza-Klein monopoles is described by supersymmetric 
U{N) gauge theory, and for type IIB string theory, the low energy dynamics is 
described by a (2,0) supersymmetric field theory in (5+1) dimensions with A^ tensor 
multiplets and tensionless self-dual strings. 

In 1^ it is shown that six-dimensional supergravity coupled to tensor and Yang- 



Mills multiplets admits not one but two different theories as global limits, one of 
which was previously thought not to arise as a global limit and the other of which 
is new. The new theory has the virtue that it admits a global anti-self-dual string 
solution obtained as the limit of the curved-space gauge dyonic string, and can, in 
particular, describe tensionless strings. It is speculated that this global model can 
also represent the world-volume theory of coincident branes. 

Certain properties of six-dimensional tensionless E-strings (arising from zero size 



instantons) are studied in In particular, it is shown that n E-strings form 
a bound string which carries an level n current algebra as well as a left-over 
conformal system with c = 12n — 4 — 248n/(n + 30), whose characters can be 
computed. Moreover, it is shown that the characters of the n-string bound state are 
captured by A^ = 4 U{n) topological Yang-Mills theory on K'd)/2. 

Novel 3+1 dimensional N = 2 superconformal field theories with tensionless BPS 
string solitons are believed to arise when two sets of M5 branes intersect over a 3+1 
dimensional hyperplane. A DLCQ (discrete light-cone quantization) description 
of these theories is derived in as supersymmetric quantum mechanics on the 
Higgs branch of suitable four dimensional A^ = 1 supersymmetric gauge theories. 
This formulation allows one to determine the scaling dimensions of certain chiral 
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primary operators in the conformal field theories. 



In N = 2 super conformal theories defined on a 3 + 1 dimensional hyperplane 
intersection of two sets of M5 branes are considered. These theories have tensionless 
BPS string solitons. A dual supergravity formulation is used to deduce some of their 



properties via the AdS/CFT correspondence |41[| . 

In [0 = 1 four dimensional gauge theories are studied as the world-volume 
theory of D4-branes between NS 5-branes. A mechanism is proposed for enhanced 
chiral symmetry in the brane construction which is associated with tensionless three- 
branes in six dimensions. This mechanism can be explained as follows. As is, by now 
well known, quantization of open strings lead to massless hyper mult iplets whenever 
two D-branes (which break to 1/4 of the supersymmetry) meet in space. It is not 
known however what are the states which get massless when a D brane meets a NS 
brane. The analysis performed in predicts that the states are vector multiplets. 
The only virtual states which end on both a NS brane and a D6 brane are D4 branes. 
There is no other brane which has this property. Thus we can have virtual open D4- 
branes which have three-brane boundaries which propagate on the world-volume of 
the D6 and NS branes. When these two branes touch, the tension of the three-branes 
vanishes. The world-volume of the D4-branes consists of 0123 and a real line in the 
456 space which connects the NS and D6 branes. A supersymmetric configuration 
which is consistent with the supersymmetries in this problem implies that the D6 
and NS branes will have identical 45 positions and different positions. This gives 
a special case to the point where in the field theory the masses are zero and chiral 
symmetry is expected. Thus one may predict that quantization of tensionless three- 
branes in six dimensions gives rise to massless vector multiplet in six dimensions. 



A simple proof is given in [43| of the known S-duality of heterotic string theory 
compactified on a T^. Using this S-duality the tensions for a class of BPS 5-branes 
in heterotic string theory on a is calculated. One of these, the Kaluza-Klein 
monopole, becomes tensionless when the radius of the is equal to the string 
length. Then the question of stability of the heterotic NS 5-brane with a transverse 
circle is studied. It turns out that for large radii the NS 5-brane is absolutely stable. 
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2.2 High Energy Limit 

The characteristic scale of string theory is given by the string tension Ti = 
(27ra')^^. At energies of the order of a/TY or higher, string physics truly distinguishes 
itself from point particle physics and various high energy limits have been studied 
to gain insight into the elusive physical basis of the theory. One may view the high 
energy limit of string theory as a zero tension limit, since only the energy measured 
in string units, Ej\fT\, is relevant. There are different ways of taking the limit 
Ti 1-^ in the full theory. A natural choice is to take Ti i-^ in the string action. 
One may than ask if the resulting null string can be quantized and if interactions can 
be introduced. All this applies also to the higher dimensional string generalizations 
- the null p-branes of different kind. 

Another reason for studying the zero tension limit of p-branes is the duality 
between strings and 5-branes . As we have already discussed in the Introduction, 
the string theory admits 5-branes as solitonic solution, and vice versa, the 5-brane 
theory admits strings as solitonic solutions. Moreover, the 5-brane tension T5 and 
the string tension T\ are related through a Dirac type quantization rule 

K^T{r<^ = nil, 

where k is the gravitational constant and n is an integer. We see from this relation 
that the small tension region of 5-branes is related to the large tension region of 
strings, so studying the zero tension limit of p-branes could actually teach us more 
about strings. 

A further reason why it could be interesting to study such tensionless extended 
objects is the appearance of null Dp-hianes in the high energy limit. As is known, 
static and moving Dp-branes can either be perceived as space-like hyper-surfaces 
on which open strings can end, or they can equivalently be described by Dp-hrane 
boundary states into which closed strings can disappear. Dp-branes are character- 
ized by a tension T^p (7^ 0) which can be computed by considering the exchange of 
closed strings between two Dp-hranes Because of this non- vanishing tension 

these branes are either static, or they move with velocities which are less than the 
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speed of light. A natural problem to pose is whether it is possible to extend the no- 
tion of Dp-hranes above to also include Dp-hianes which move at the speed of light, 
or equivalently Dp-branes which have a vanishing tension T^p = 0, i.e. tensionless 
Dp-hranes. 

The expression for T^p in terms of the inverse of the fundamental string tension 
27ia', and the string coupling gg, is given by 

Tnp = (2vr)-(^-i)/2^;i(27ra')-(^+^)/' = (27r)-(^-i)/2^7%, (2.9) 

where p > is the number of space-like directions in the brane. When this expression 
is extrapolated to arbitrarily large values of Qs, T£,p can attain values which are 
arbitrarily close to zero. Hence, in the strongly coupled regime Dp-hranes become 
light states (since their masses Mup behaves as Mdp ~ g~^), and when gg = oo the 
Dp-branes will become tensionless. This behaviour lies at the very foundation of 
M(atrix)-theory [|4[. 



2.3 Gravity and Cosmology 

The investigations in the domain of classical and quantum string propagation 
in curved space-times are relevant for the physics of quantum gravitation as well as 



for the understanding of the cosmic string models in cosmology |^ . 

As we have already mention, strings are characterized by an energy scale y/Ti. 
The frequencies of the string modes are proportional to Ti and the length of the 
string scales with 1/V^i. The gravitational field provides another length scale, the 
curvature radius of the space-time Re- For a string moving in a gravitational field a 
useful parameter is the dimensionless constant C = RcVTi. Large values of C imply 
weak gravitational field ( the metric does not change appreciably over distances of 
the order of the string length). We may reach large values of C by letting Ti —>■ oo. 
In this limit the string shrinks to a point. In the opposite limit, small values of C, 
we encounter strong gravitational fields and it is appropriate to consider Ti — > 0, 
i.e. null or tensionless strings. 

It turns out that the concept of null strings also appear in the strong coupling 
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limit of two dimensional gravity The gravitational constant k is the analog 

of the Regge slope (a) and when k oo, 2 dimensional quantum gravity can 
be understood as a tensionless string theory embedded in a two-dimensional target 
space. The temporal coordinate of the target space play the role of the time and 
the wave function can be interpreted as in standard quantum mechanics. 

2.3.1 The Null String Approach 

The string equations of motion and constraints in curved space-time are highly 
nonlinear and, in general, not exactly solvable. There are different methods available 
to solve the string equations of motion and constraints in curved space-times (for 



a review see for example [^). These are the string perturbation approach, the 
null string approach, the r-expansion, and the construction of global solutions (for 
instance by solitonic and inverse scattering methods). A general approximation 
method is the null string approach In such approach the string equations of 
motion and constraints are systematically expanded in powers of c (the speed of 
light in the world-sheet). This corresponds to a small string tension expansion. At 
zeroth order, the string is effectively equivalent to a continuous beam of massless 
particles labeled by the world-sheet spatial parameter a. The points on the string 
do not interact between them but they interact with the gravitational background. 



In quantum bosonic strings in strong gravitational fields are studied. Within 



the systematic expansion introduced in ESI one obtains to zeroth order the null 



string , while the first order correction incorporates the string dynamics. This 
formalism is applied to quantum null strings in de Sitter space-time. After a 
reparametrization of the world-sheet coordinates, the equations of motion are sim- 
plified. The quantum algebra generated by the constraints is considered, ordering 
the momentum operators to the right of the coordinate operators. No critical di- 
mension appears. It is anticipated however that the conformal anomaly will appear 
when the first order corrections proportional to string tension Ti are introduced. 

The classical dynamics of a bosonic string in the D-dimensional Friedmann- 
Robert son- Walker (with k = 0) and Schwarzschild backgrounds is investigated in 
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|. This is done by making a perturbative development in the string coordinates 
around a null string configuration. The background geometry is taken into account 
exactly. 



The dynamics of a string near a Kaluza-Klein black hole is studied in [^. Solu- 
tions to the classical string equations of motion are obtained using the world sheet 
velocity of light as an expansion parameter, i.e. the null string expansion. The 
electrically and magnetically charged cases are considered separately. Solutions for 
string coordinates are obtained in terms of the world-sheet coordinate r. It is shown 
that the Kaluza-Klein radius increases/decreases with r for electrically/magnetically 
charged black hole. 

The tension as a perturbative parameter in the nonlinear string equations of 



motion in curved space-times is also considered in [|52| , p^ , p5|] 



2.3.2 Null Branes in Cosmology 

In general, in any cosmological model based on string theory, one has to face 
a regime of strong coupling and large curvatures when approaching the big-bang 
singularity. In the strong coupling regime, D-branes are the fundamental players. 
D-branes may give new insight into the understanding of the cosmological evolution 
of the Universe at early epochs. The authors of analyze the dynamics of D- 



branes in curved backgrounds and discuss the parameter space of M-theory as a 
function of the coupling constant and of the curvature of the Universe. They show 
that D-branes may be efficiently produced by gravitational effects. Furthermore, in 
curved spacetimes the transverse fluctuations of the D-branes develop a tachyonic 
mode and when the fluctuations grow larger than the horizon, the branes become 
tensionless and break up. This signals a transition to a new regime. They also 
comment on possible implications for the so-called brane world scenario, where the 
Standard Model gauge and matter flelds live inside some branes while gravitons live 
in the bulk. 

The paper considers the dynamics of null bosonic p-branes in curved spaces. 
It is shown that their motion equations can be linearized and exactly solved (in the 
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case of Robertson- Walker space-time with k = 0, i.e. with flat space-like section) in 
contrast to the case of tensile p-branes. It is found that the perfect fluid of null p- 
branes is an alternative dominant source of gravity in the Hilbert-Einstein equations 
for D-dimensional Friedmann universe with flat space-like section. This work is a 



generalization for p > 1 of the results obtained earlier in 1^8 
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3 CLASSICAL AND QUANTUM PROPERTIES 
OF THE NULL BRANES 



Until now we learn how null branes of different dimension may appear in 
the context of contemporary string theory and in the connected with it theory of 
gravity and cosmology. At the same time, this explains why we are interested in 
more careful investigation of the classical and quantum properties of such extended 
relativistic objects. 

In this section we begin the description of different models for tensionless p- 
branes. The particular case p = 1, i.e. the tensionless strings, which is much more 
studied by now, will not be considered here. We will concentrate our attention on 
the known results about the general case. 

A Lagrangian which could describe under certain conditions null bosonic branes 



in D-dimensional Minkowski space-time was first proposed in [59|. An action for a 
tensionless p-brane with space-time supersymmetry was first given in [jGOj |6T| . Since 
then, other types of actions and Hamiltonians (with and without supersymmetry) 
have been introduced and studied in the literature |6^, |6^, ^ |6^, ^7\, |6^, |69| . 
Owing to their zero tension, the world-volume of the null p-branes is a light-like, 
{p + l)-dimensional hypersurface, imbedded in the Minkowski space-time. Corre- 
spondingly, the determinant of the induced metric is zero. As in the tensile case, the 
null brane actions can be written in reparametrization and space-time conformally 
invariant form. However, their distinguishing feature is that at the classical level 
they may have any number of global space-time supersymmetries and be K-invariant 
in all dimensions, which support Majorana (or Weyl) spinors. At the quantum level, 
they are anomaly free and do not exhibit any critical dimension, when appropriately 
chosen operator ordering is applied |7y, |6^, |7l| . The only exception are the 



tensionless branes with manifest conformal invariance, with critical dimension D = 2 
for the bosonic case and D = 2 — 2N for the spinning case, N being the number of 
world-volume supersymmetries |^ . 



Let us mention also the paper ||72[, which is devoted to the construction of field 
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theory propagators of null strings and p-branes, as well as the corresponding spinning 
versions. 

Almost all of the above investigations deal with free null branes moving in flat 
background (a qualitative consideration of null p-brane interacting with a scalar 
field has been done in |6^). The interaction of tensionless membranes {p = 2) 



with antisymmetric background tensor field in four dimensional Minkowski space, 



described by means of Wess-Zumino-like action, is studied in The resulting 

equations of motion are integrated exactly. 

To our knowledge, the only papers till now devoted to the classical dynamics of 
null p-branes {p > 2) moving in curved space-times are |]57| , [7^ [75| , [76| . 



In |53], the null p-branes living in Z)- dimensional Friedmann- Robertson- Walker 
space-time with flat space-like section {k = 0) have been investigated. The cor- 
responding equations of motion have been solved exactly. It was argued that an 
ideal fluid of null p-branes may be considered as a source of gravity for Friedmann- 
Robert son- Walker universes. 



In [^, the classical mechanics of the null branes in a gravity background was 
formulated. The Batalin-Fradkin-Vilkovisky (BFV) approach in its Hamiltonian 
version was applied to the considered dynamical system. Some exact solutions of 
the equations of motion and of the constraints for the null membrane in general 
stationary axially symmetric four dimensional gravity background were found. The 
examples of Minkowski, de Sitter, Schwarzschild, Taub-NUT and Kerr space-times 
were considered. Another exact solution, for the Demianski-Newman background. 



can be found in H75 



The article considers null bosonic p-branes moving in curved space-times and 



a method for solving their equations of motion and constraints, which is suitable 
for string theory backgrounds is developed. As an application, an explicit exact 
solution for the ten dimensional solitonic five-brane gravity background is given. 

Now, we are going to describe in more detail the results of works on null p-branes 
previous to ours. 

To begin with, let us write down the Lagrangian density for the bosonic p-brane 
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given in [^: 



i^ = ^Mom...M.(OS'^°'^"-^''(0, e= (3.10) 

Here 



e being the p-dimensional Levi-Civita symbol. In ( p.lO| ), the totally antisymmetric 
tensor ^^^^^...^^(O is restricted to lie on a single orbit of SO{l,d)o in the space of 
p+1 dimensional antisymmetric tensors. For suitable choices of the orbits for S{^), 
one expects ( |3.10| ) to describe physically sensible p-dimensional objects including 



null ones. 

In []60| , |6l[| , an action (|3.18|) for a space-time supersymmetric null p-brane is 



proposed in the following form 

Sp = cJ d^^^det [w'^jW^kT]^,) /2E, (3.11) 
w'^j = djx^ - ih'djO, (J, K = 0, 1, 

where E{E,) is a Lagrange multiplier. It is argued there that this action should 
possess Siegel K-invariance in any space-time dimension and for any number of 



supersymmetries, contrary to the tensionful superstrings and super p-branes. 



In the paper , field theory propagators for null strings and p-branes, as well 
as for their generalizations to the spinning case are constructed by analogy with the 
massless relativistic particles. The propagator for the bosonic null p-brane is given 
by 

where xi and X2 are the initial and final brane configurations. The corresponding 
propagator for the spinning null p-brane is obtained to be 



Gs {X2{a),xi{a)) = J Vu{aMci)-'-''/^Y^x^{a) exp (~ J d^a 



2u{a) , 
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where are the D-dimensional Dirac matrices, reahzing the zero modes of the 
fermionic constraints. Gb and Gg satisfy the equation 

d^G = 6 {x2 — Xi) , 

being the {p + l)-dimensional d'alembertian, as can be easily checked exphcitly. 
Let us now describe the main results obtained in [^. These are: 

1. It is proven that the null spinning p-brane is a system of rank 1. 

2. An explicit expression for the propagator in the momentum space is found. 

3. The question is discussed about how the critical dimensions are modified if 
the boundary conditions are changed. 

4. It is argued that the functional diffusion equation is not modified when 
fermionic corrections are considered. 

Now we are going to briefly explain how these results are obtained. The hamil- 
tonian constraints for the spinning p-brane can be written as 

p 

To = V^^Pf.P. = 0, T, = p^d.x" + ^jdj'^Jt^ = 0, Sj = = 0, 

^ j=o 

Here rj(^) are real variables and transform as spinors in the world- volume and as 
vectors in space-time. It is also supposed that they satisfy the Clifford algebra 

As a consequence, the corresponding canonical Hamiltonian turns out to be 

H^ = J (Fa{N'^Tj + fX^Sj) = 0, 

where N'^ and A"^ are Lagrange multipliers. 

The constraints Tj, Sj are first class and satisfy the algebra 

[To(aO,To(a2)] = 0, 
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[Sj{a,),To{a2)] = 0, 

{SAa,),SKia,)} = 2t5jKTo{a,)5Aa,-a2). 
Then the proper time gauge [|7|] is chosen 



No = 0, Nj =0, Ao = 0, A,- = 



and the author proceed with applying the BFV formahsm |7^, 30, 81, g^]. Corre- 
spondingly, the following extended phase space is introduced 

{p„ x^ r:;) © (Uj, N\ pj, X-") © (r]j, V', vj, V', Cj, Cj, b') , 

where {Ilj,pj) are the canonical momenta associated with the Lagrange multipliers 
(A^"^, A"') while the dynamics remains unchanged provided we impose Uj and pj as 
new constraints, i.e. 



Hj = 0, pj = 0. 

The variables {rij,fij) and {Cj,Cj) represent anticommuting and commuting ghosts 
respectively, with {V^ ^V^ ,V ^h^) as their conjugated momenta. 

Using the constraint algebra, the Becchi-Rouet-Stora-Tyutin (ERST) charge is 
obtained to be 

n = j (Fa^Tj + C'Sj + V'lij + h'pj + Po [d^ri'^V^ + \ri''d,r^^'^ 

- bo (d,r]^C' + ^v'd.C^'^ - h (d.ri^C - h^C^r]''^ + bo (d^C^^r,^ + ^C^r,^^ 

- hkv'd.C^ + b.dkv'v' + ^^0^^']. 

This result means that the null spinning p-brane is a system of rank 1. 

In the BFV formalism, the gauge fixing appears associated with the choice of 
the gauge fermion \E', which in is taken to be 



VjN' + bjV + -N^f], + -X^C. 

e e 



(3.12) 
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where e is an arbitrary parameter that is set to zero at the end of the calculations. 

In order to integrate the expression (|3.12 ) one can impose the following boundary 
conditions 



2^2 ^2) 



T>'j{a,n)+T%a,T2) = 2^[;ia), (3.13) 
VjiQL, Ti) = r]j{a, T2) = 0, f]j{a, n) = f]j{a, T2) = 0, 
Cj{a, n) = Cj{a, r^) = 0, Cj{a, n) = Cj{a, r^) = 0. 

Using the Fradkin-Vilkovisky theorem, after some calculations, one obtains 



Z = J Vjiexp (iSeff) 
I dPaj^oi^^P^i^) exp (z / dPcrp'^Ax^ia)) 



(3.14) 



which is the propagator for a null spinning p-brane in the momentum space. In 



receiving (|3.14| ), it is supposed that 



where ipj is a quantum fluctuation that fulfils antiperiodic boundary conditions 



in accordance with ( |3.13| ). 

The expression (|3.14|) shows that the spectrum of the null spinning p-brane 
is continuous, so that this model has no critical dimensions. However, a note of 
caution is necessary: the change of boundary conditions, or equivalently the change 
of the operator ordering, may introduce critical dimensions. More precisely, if we 
modify the boundary conditions within the ordering prescription for the operators 
proposed in [^, S^], the critical dimensions that appear for the bosonic null p-branes 
for example are 

5p + 8 



D 



p 
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We note that this is in disagreement with the result in [RH] for tensile p-branes, 
which is 

5p + 8 



D 

contrary to the author's claim. 
Finally, it is pointed out in 



P 



that it is possible to show that the functional 



diffusion equation for the null spinning p-brane reads 

dG [M, Mq] _ 6^G [M, Mq] 
dV ~ (a) ' 

where V is the world-volume, G [M, Mq] is the propagator and M, Mq represent the 

final and initial configurations of the null spinning p-brane respectively. 

Now we turn to the considerations devoted to tensionless branes made in the 

review article |6^. The results of ||7y, ^ ^ are contained there, so we will 

and are extended 



not pay separate attention to them. As a matter of fact. 



versions of |^6|, p7 |. 

We start with the bosonic null p-brane case. The corresponding action may be 
represented in the following simple, reparametrization invariant form |^| 



2 7 E 



(3.15) 



where E{T,a_) is a hyper-sheet density which plays the role of Lagrange multiplier. 
The action ( p.l5|) is invariant under the following (infinitesimal) conformal transfor- 
mations 



-Ax'^, 



SdE = -2{p + l)\E, 



6cE = -4(p+ l)(cx)E. 



For comparison, we write down also the action for the tensile brane in a form in 
which the limit T = (a')^^^^^)/^ _^ q q^j^ taken 



det(gjx^(9j^x^)| 

E {a')P+^ 



-E 



(3.16) 



After substitution of the general solution 

^''^^^'\detidjx^dKX,)\) 
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E 



a 



1/2 



of the equation of motion for E into the action ( |3.16D , the latter takes the Dirac- 
Nambu form 

= (^.)7pIi)/2 / d^^'^^\detidjx^dKX,)\. (3.17) 
The action (|3.15|) is characterized by the following constraints 



To = v^^Pf.p, ^ 0, Tj = p.djx'' ^ 0, 

which originate from the arbitrariness in the choice of the world- volume parametriza- 
tion. Their (equal r) Poisson bracket algebra reads 

{To(ai),To(a2)} = 0, 

{To{a,),T,ia,)} = -[Toia,) + Toia,)]djS^ia,~a2), 
{T,(aO,Tfc(a2)} = T,{a,)dlS^{a, - a,) - (1 ^ 2, j ^ k) . 

Let us suppose that there exists a scalar field f{x), with vacuum expectation 
value (VEV) 

/, \l/2 

(^) oc Mpianck =l-^j ^ 10''GeV/c' 

in four dimensional space-time. Then free p-branes and null p-branes may be consid- 
ered as the theories corresponding to different vacuum states of p-brane interacting 
with a background scalar field (f{x). The corresponding action in 4-dimensions may 
be chosen in the form 



E a' 



(3.18) 



where A is dimensionless coupling constant. Here the scalar field potential has been 
chosen in such a way that it coincide with the Higgs potential oc Xip'^ — fi^f"^ when 
p = 1. 

The VEV's {(f) corresponding to different extreme of the potential energy of the 
field ip are given by the following expressions 

= 0, (3.19) 
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The equality ( |3.19| ) describes the symmetric phase and the equahty ( |3.2(J| ) describes 
the phase with broken conformal and discrete {ip —(f) symmetries. In the neigh- 
borhood of the solution ( |3.19| ), the action ( |3.18| ) coincides with the null p-brane 
action ( p.l5| ). Correspondingly, in the neighborhood of the solution (|3.20|) , the 
action (|3.18|) coincides with the p-brane action (|3.17| ) after the exclusion of the aux- 
iliary field E. This qualitative consideration may be viewed as an illustration of a 
possible mechanism producing nonzero tension for the null p-brane. This mecha- 
nism is similar to the Higgs mechanism and rebuilds the tensionless branes into the 
Dirac-Nambu p-branes with tension oc (y))^^^. 

Now let us consider the BRST quantization of the null p-brane theory and re- 
produce the result obtained in ||6^ that there is no critical dimensions. 



At first, one studies the equations of motion generated by the action ( |3.15| ). The 
determinant G = det Gjk of the induced world- volume metric Gjk 

( 

Gjk = djxf'dKX^ = 



Gjk = djx'^dkXf, 
in the integrand of S^^p may be presented in the form 

G = det Gjk, 




G = Gxf'W^x^, 



where the matrix 11^ is defined by the relations 



s:-d,xjG-'y dkx" 



jk 



(3.21) 



(3.22) 



(3.23) 



The representation ( |3.22| ) follows from the well known relation for the determinant 
of a block matrix 

det(A- BD-^C]detD. 




From the variation of the action ( |3.15| ) with respect to and E, one receives 
the equations of motion 



G 



x 



(^x^OjX ) 



G-'Y" {OkX^x,) 



0, 
^0, 



(3.24) 
(3.25) 
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where 



Px 



G 



E 

Px -- 



2E 6dix^ 
(x^'dkx^) 



2E 



G-^Y' {djx'x^) + 2 (G-^y^ Gxx + G (x^djx''' ^ 



6dix^ ^ ^ 6dix^ 

If we fix p gauge degrees of freedom from {p+ 1) ones contained in the reparametriza- 
tion symmetry group by the following gauge conditions 



then the equations ( |3.24| ), ( p.25| ) take a more simple form 

d (G . 



dr \E 



;Xx 



0, 



Gx^ = 0. 



The momentum density of null p-brane in the gauge (|3.26 ) equals to 



G . 

Px = -^xx 



(3.26) 



(3.27) 



(3.28) 



and Pa = if G = 0, so the solution G = of equations ( p.27| ) corresponds to trivial 
dynamics. That is why one chooses G 7^ and equations ( ^.27[ ) become equivalent 
to the equations 

^ {^xx) =0, x' = 0. (3.29) 

Taking into account that additional gauge condition may be added to ( p.26|) the 
authors choose this condition in the form 



d fG\ 



Then the equations of motion ( |3.29| ) take a linear form 



x^ = 0, 



= 0. 



(3.30) 



(3.31) 



Of course, the variation of the action ( p.l5|) have to be supplemented with ap- 
propriate boundary conditions for open or closed null p-branes. In what follows, the 
discussion is restricted to the closed case only. 
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The following step is the quantization of null bosonic p-brane. In order to simplify 
the technical aspects of the BRST-quantization procedure, the gauge condition 

G 

— = 7p = const (3.32) 

is used instead of ( p.30| ). This gauge gives the possibility to consider the minimal 
extension of the original phase space. It may be constructed by extending the initial 
phase space with the canonically conjugated Grassmannian ghost pairs (r]"', Vj) for 
the constraints Tj. 



So, the classical BRST charge |79, 80, DO, B2] for the closed null p-brane in the 



minimal sector has the following form ^0 



^m^n ^ J ^^{Tor/O + T,7]^ + Vo[idjr]^)v' - v\djr]^)] - VkV'id.v")}- (3.33) 

It is easy to see that the BRST charge ( |3.33| ) satisfy the equation 

{n™", fi'"^"} = 0. (3.34) 

In the quantum case the charge fi™" transforms into the quantum BRST operator 
Qrnm^ Then the nilpotency condition 

(Qrrdny^Q (3.35) 

ought to be fulfilled for the self consistency of the quantum theory. However, anoma- 
lies can appear in the right hand side of equation ( ^.35] ) as a result of quantum or- 



dering process. Taking into account the point-like character of the first equation in 
( p.31| ) for the null p-brane it is natural to choose the initial data for ordinary phase 
space variables go and pQ as the "physical variables" in terms of which quantum 
ordering must be done. Remind that in the string case quantum ordering in terms 
of the creation and annihilation oscillator operators a and is more preferable as 
a consequence of the oscillator character of the string equation of motion 

x'^(r,(T) -a;"^(r,a) = 0. 

Thus one chooses the goPo-ordering in the BRST generator This ordering does 

, 2 



not give rise to anomalous terms in the calculation of (^fi™"j . As a consequence, 
the quantum nilpotency condition is satisfied. 
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Let us discuss the case of gp-ordering, which is formulated in terms of the hole 
operators of phase variables. Actually, fi*"™ contains only such combinations of the 
canonically conjugated operators q and for which the ordering is preserved in the 
process of the anticommutator ^2™*"} calculation, and it is not difficult to 



prove this ||6^ 



After transition from g, p to their initial data go? Po the considered quantum 
go,Po-ordering also will be conserved. To clear up this statement it is enough to 
analyze the equations of motion for the ghost sector only, because the equations for 

and are linear ones. The BRST-invariant Hamiltonian which generates these 
equations of motion depends on the choice of the gauge fermion which in the 
minimal sector has the general form 



Using the arbitrariness in the choice of the Lagrange multipliers A" and C^, they are 
chosen in |^3[ as 



The corresponding Hamiltonian is obtained to be 

The equations of motion / = {/, if-^g} generated by if-^p have the form 

r^f^ = 0, Po = 0, V^ = ^duVo. 

The general solution of this system of equations is 

x^{T,a) = x^{a) + —p^{a), p^ir, a) = pof,{a), 

7p 

V%r,a) = r,l{a) + ^d,4{a), Po(r, a) = Poo(£), 

^Ip 

^Ip 
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We see that the transition from the g,p variables to their initial data qo,po is 
a linear transformation. Owing to this fact the proof of nilpotency condition for 
Qmm QQ^j-ried out in the terms of gp-ordering does not change after transition to 
goPo-ordering. 

Here in the conclusion is drown that the critical dimensions are absent in the 



null bosonic p-brane theory and this theory is quantum mechanically self consistent 
in flat space-time of arbitrary dimension. However, it is noted that the question 
about presence or absence of a critical dimension in the quantum theory essentially 
depends on the choice of initial operator set in terms of which the procedure of 
operator ordering is defined. 

Finally, let us describe the dynamics of null p-brane in the light cone gauge. At 
first we note that in the gauge ( |3.26| ) the induced metric Gjk takes the form 

( 

The representation is invariant under difFeomorphisms 



■ 

Gjk (0 = ■ (3.36) 



a-'(r',a') = a^(a'). (3.37) 

The gauge condition ( |3.32| ), which linearizes the null p-brane equations of motion, 
is conserved under the diffeomorphism transformations 

r (r', a') = a {a!) + r' det (^0^) • (3.38) 



The equations of motion x'^ = are invariant under the transformations ( p.37|) 
and ( |3.38| ). Therefore, it is possible to use the gauge symmetry ( |3.37| ), ( |3.38| ) for 
fixing light-cone gauge condition defined as 

a;+(r,a) = cr, c = ^ = = ( rfVp+(a). (3.39) 

7 Np-i J 



This gauge condition is conserved under the diffeomorphisms ( |3.37| ) and ( p.38| ) re- 



stricted by the condition r' = r. We see that the gauge conditions ( |3.26D , ( 3.32|) 



and (|3.39|) are characterized by a residual gauge symmetry comprising the so called 
area-preserving transformations, which are defined by the infinitesimal relations 
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In the light-cone gauge, the general solution of ( ^.311 ) is 



x"^(r,a) = x^{a)+p^{a)%\ (m = 1, D - 1) 



N, 



Then for the mass operator of null p-brane defined by the relation 



= P^Po^ = 2P^P,- - P^. 



Om5 



we get the representation 

It can be shown that > and it is independent on the center of mass variables 
The canonical Hamiltonian in the light-cone gauge has the form 

Pn+ /• , . 1 /• o . . 1 



Ic 



(3.40) 



The eigenf unctions ^|A:om;{fcma}> associated with the Hamiltonian ( |3.4CI| ) are general- 
ized "plane waves" 



I ^ m 5 { ^ m a } > 



exp kmax'^ = exp (ikornqom) exp ^ kmax'^ , (3.41) 



which describe the coherent motion of infinite number of quasi particles. Here the 
index a marks a complete ortho normal basis of functions Ya{a_) on the (null) p-brane 
[|63| , pl| , |9^ . The physical subspace can be extracted from the set of vectors ( |3.41| ) 
by the annihilation conditions 

Erde a pb -qjphys _ n. 

Then, supposing that there exist nonzero solutions of the above equalities, it is not 
difficult to show that the spectrum of null p-brane is continuous ||63[ . 



Now we turn to the null super p-brane case in four dimensions . The dynamics 
of null super p-brane is described by the action (|3.11|) . However, the covariant 
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quantization in this formulation is a very complicated problem because of an infinite 
reducibility of the fermionic constraints analogous to those of the superstring. In 
order to covariantly quantize the null super p-brane theory in D = 4, a new twistor- 



like Lorentz harmonic formulation has been proved to be effective [^g, g^]- uses 
the Lorentz harmonic superspace 



^,e%r^;v^,v^), a = 1,2; A = 1,...,N 



as a target space. This space is an extension of the usual (A^-extended) superspace 
(x^, 9% 0°"^) obtained by adding the commuting spinor variables (f J, t;^), which co- 
incide with the Newman-Penrose diades [^| in four dimensions. In this formulation, 



the action for null super p-brane theory is 



2 

where q'^~^^^'^ is a world-volume density. 



is the invariant Cartan form for ordinary superspace and vj, are restricted by 
the conditions 

S(r,a) = ^;"-(r,a)i;+(r,a)-l = 0, 
S(r,a)^t;"+(r,a)t;^(r,a)-l = 0. 



The action ( 3.42|) is invariant under the following local K-transformations 



5Xaa = 2 (^n'^^PfSadaA + d^Pajf^A) ^ 



where 



Paa = Q^ir,a)v^v^ 



is the momentum density of null super p-brane. 
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The variation of the action ( |3.42| ) with respect to x^, 6^^, 6'°'^, and leads 
to the equations 

dj [q'^v^vX) =0 or p^a^ = dj [g^v~vX^ , 
g'dje^A = (Air, a)v~, Q-^dM = 

Q'^UJjaa = e{T,a)v~vX or C^Oaa = —r-aPaa n^jaa- 

Finally, the ^"^-variation generates the constraints 

v-vtujT-^ or p„<i/"^0, p„^u;f ^0. 

The arbitrary functions Q'^ij^a), Ca(t, oi), C^(t, o[) and e(r, a) in the above equa- 
tions show the invariance of the action (|3.42|) under reparametrizations and k- 
t r ansf or mat ions . 

It can be proved |S^, 0, that the presence of the auxiliary variables f;J, -yj 
and in ( p.42|) does not increase the number of physical degrees of freedom 

and the formulations ( |3.42| ) for null super p-brane theory are equivalent at 

the classical level. 

However, the harmonics and their complex conjugated -yj play an exceptional 
role in the Lorentz covariant division of null super p-brane constraints into irreducible 
once of first and second class. This is carried out by projecting the Grassmann 
constraints 

into first class = v'^~D^ and second class D^^ = v'^^D^ constraints. 

In terms of the coordinates (2;^, and their conjugated momenta (pm^Pj) = 

i.'Pfj.iT^ti^ctAWaiPdLi'P^j)) the first class constraints 

fa = (yA',T,) = (D-^,D+,p+-,pf,v^v^v-^v+^T, 

of null super ]9-brane theory have the form 
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and complex conjugated to D~^, V°, V^^ constraints D\, — V*^, V^^ (Remark: there 
are obvious mistakes in the expressions for V° and Tj). They form the following 
Poisson bracket algebra (we list the nonzero brackets only) 

{T,(ai),Tfc(a2)} = T,{a^)dl8P{a, - a^) - {I ^ 2, j ^ k) , 

{T,(ai),lA.(£2)} = ->A'(£i)a|<5f(ai-a2), 

{V°(ai),FA'(£2)} = gii(>A')5n^i-^2), (3.43) 

{V0(ai),lA'(^2)} = gL(lA05^(ai-a2), 

{D-\a,),DU^,)} = -2ip+-5i5^{a,-a,), 

where qifi (^a') are the charges of Y\i under Ul,r{\) symmetry groups. 

The constraints p'^~ and Tj correspond to reparametrization symmetry of the 
action ( |3.42| ), and D\ describe the fermionic K-symmetry, whereas V" and V° 



are related to the local Ul{1) x Ur{1) = 50(1, 1) x 50(2) symmetry and V"^ V+2 
are connected with the local shifts of v°''^ and v°'~ . 

The second class constraints Sf in the twistor-like formulation ( ^.42| ) appear to 
be the pairs 

S 0, 

X = v^-pt + v-+p- + gYo^O, 



X ~ 0, 

= = (-TT^ + iPaJ'^'^) ^ 

= = (vr^^ - . ) ^ 0, 



= ^ 0, 

p- ^ -v--a^^^v^-p,^Q, 
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Q 

Po 



Q 



,o(-|+) 



The Poisson bracket matrix of the constraints Sf may be transformed to block- 
diagonal form if certain redefinitions are performed. The following step is to use the 
method for conversion of second class constraints into effective first class abelian 
Af ones ^ The conversion procedure suggests the introduction of new 



additional set of canonically conjugated variables {q^, pfi), so that any definite pair of 
the original second class constraints corresponds to some pair of the newly introduced 
phase space variables. Now the transition from the initial first class constraints Ia 
to the effective ones 1a, depending also on {q^,PR), must be done. However, it turns 
out that the resulting algebra essentially complicates the evaluation procedure for 
the BRST generator Q. For this reason, a new set of effective first class constraints 
Y\ have been introduced in . Their algebra coincides with the original 1a algebra 
( |3.43| ) with the exception of the Poisson brackets 



where 



D D 



2xH 
A^-P 



^ ~0 -ON 

V +V 



is a first class constraint (Remark: the quantity J is not defined in As a 

result, the total algebra of the effective first class constraints for null super p-brane 
is found to be 



{Af,Ag} = Q, {1'a,-A/} = 0, {Y!,,Yj,} = Cl^Yn + £K^, (3.44) 
with the same structure constants Cas as in the original algebra ( p.43| ) and 



£ 



AT. 



5= .-2(5- .+2-(A^E) 



S. 
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The classical BRST charge for the algebra ( ^.441 ) in the minimal sector equals to 
flmin = + -A-fc"^ with Vt' defined as 

n' = 1 rfV[F/^°'^c^ - 2m+-c+c-^ - ^ (7r° + 7r°) r^C+'r' (3.45) 



The modified constraints Y^°'^ entering into ( p.45|) coincide with except the 



constraints T/^°^ V^*^"*^, V°*^°'^. 



In order to construct the quantum BRST operator 



a generalized gp-ordering is chosen in ||6^. The term "generalized" means that one 



may include some momentum variables into a g-set and some coordinate variables 
into a p-set. Then, in analogy with the bosonic null p-brane case, it is proven 
that this ordering is preserved in the process of computation of the anticommutator 
fi'} and this leads to the fulfillment of the condition {tl'Y = 0. This considera- 



tion permits to the authors of to conclude that the null super p-brane theories 
are self-consistent in D = 4. 

A number of classically equivalent actions for p-branes are derived and their 
tensionless limits are discussed in The starting point is the Nambu-Goto- 

Dirac world-volume action 

S = T j d^+'^^-detjjK (3.46) 

where X^^ = X^(0 and 

rjK = ajX^OKX^T]^, (3.47) 

is the metric induced on the world-volume from the Minkowski space-time metric 
7]fj_y. The generalized momenta derived from the Lagrangian in (|3.46| ) are 

= T^^'^djX^. (3.48) 
where 7"^^ is the inverse of '^jk- They satisfy the constraints 

p2 + t277°° = 
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P^daX^' = 0, a = l,...,p. 



(3.49) 



Here 7 = detjjK- As usual for a diffeomorphism invariant theory, the naive Hamil- 
tonian vanishes and the total Hamiltonian consists of the sum of the constraints 
(|3.49|) multiplied by Lagrange multipliers, which we shall call A and p": 

Ti: = A(P2 + T%7°°) + p"P ■ 9aX (3.50) 
The phase space action thus becomes 

= J rff+i^ [P-X- A(P2 + T277OO) - p^P ■ daX}. (3.51) 
One integrates out the momenta to find the configuration space action 

^""'^ll "^'^'^^ ~ 'ip'^X'^daX, + p'^p'd.X^'daX, - 4A2r2770o}. (3.52) 
For p = 1, the following identification may be done 

which leads to the usual Weyl invariant tensile string action 

S=-\t j d^iy/^g'^'djX^^dKX^r^^,. (3.54) 



For p > 1 it is not possible to directly identify the geometric fields in ( |3.52D . One 
first has to rewrite it as 

= i / - 2\T^G{p - 1) + 2Ar2GG"S„5|, (3.55) 



where 



2A 



a 



-P' 

-p" p^p^ 



(3.56) 



is a rank 1 auxiliary matrix and Gij is a p-dimensional auxiliary metric with deter- 
minant G. (Integrating out Gij one recovers (|3.52|).) Now the identification 



JK ^ M ^ j (3 57) 

4 \p- -p'^p' + AX^T^GG'^'^ 
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produces the usual p-brane action involving the world- volume metric Qjk'- 

S = -\t j <P^^i^ {g'^^djX^dKX^ii,, -ip- 1)}. (3.58) 



The identification (|3.57|) tells us the transformation properties of the Lagrange mul- 
tipliers. Note that for p = 0,1 the auxiliary metric never appears in ( |3.55| ), and 
the configuration space action is the usual manifestly reparametrization invariant 
massive point-particle action and reparametrization invariant tensile string action 
respectively. 

It is clear from the above procedure that we may take the limit T — ^ anywhere 
between ( p.50|) and ( p.57| ). The identification (|3.57| ) will differ in that limit, however. 



The metric density TyZ—gg"^^ becomes degenerate and gets replaced by a rank 1 
matrix which can be written as V'^V^ in terms of the vector density V'^ 

V^'-^a.P'^)- (3.59) 

In fact, using this prescription the T ^ limit of the p-brane action is 

S = J (F+^iV^V^djX>'dKX^r]^^. (3.60) 

Another type of null bosonic p-brane action is given in 

S = j (F^'i (a • P - iy(OP ■ P) , 

where A^''' '^*' is the following antisymmetric space-time tensor 

and P^o...^p are totally antisymmetric "generalized momenta" satisfying the con- 
straint P2 = -T^. 

The quantization of different types of tensionless p-branes is also discussed in 
||66|| . Now we are going to describe the results of this paper. The constraints are 
written there in the form 

0-^((Ti,...,ap) = P^P^(ai,...,ap) =0 
L°(ai,...,ap) = P'^9«X^(ai,...,(Tp) = 0, 
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Note that the greek index a runs from 1 to "p. In Fourier modes the constraints read 
(for simphcity closed p-branes are considered) 



mi,...,mp 



mi,...,mp 



+00 

2 5Z Pmi—ki,...,mp-kp ' Pki,...,kp = 0, 

fcl,...,fcp = — oo 

+00 

^ ^ ' kaVmi—ki,...,mp—kp ' •^ki,...,kp 
fci ,...,fcp=— 00 



(3.61) 
(3.62) 



and they satisfy the following algebra 



^-1 

rmi,...,mp' ni,...,np 

ja t/3 
mi,...,mp' ni,...,np 



{nia - n, 



-1 

V^mi+ni ,...,mp+np ' 



^l3-^mi+ni,...,mp+np '^a-^mi+ni ,...,r?ip+np 



+y4"'^(mi, . . . , ?7lp)5m^_|_„^ . . . 6mp+np- 



The right hand side of equation ( p.64|) , when mi + rii 



(3.63) 



(3.64) 



0, is 



expressed in terms of L^^ q. But this operator is not well defined since it depends on 
the different orderings of a;^^^ and Pmi,...,mp- Taking into account this ambiguity 
the possible central extensions in the right hand side of the commutators (|3.64| ) 
are included. The values of these central extensions are constrained by the Jacobi 
identities and the antisymmetry of the commutators. It is found that for p > 1 

/l"^(mi, . . . , mp) = A"^(m„, m^) = i (mpd'' + mj^) , 

where are constants. 

In order to clarify the implications of the last relation one takes a = (3 in (|3.64|) . 
Then 



T OL T a 

mi,...,mp' ni,...,np 



,mp+np 



The corresponding relation for the string (p = 1) is 



[Lm, Ln] = (m - n)(t)^^^ + ((igm^ + dim)5m+n- 

Thus one finds that in the case of the tensionless p-branes with p > 1, the central 
extensions in the algebra of the constraints become "smoother" since their cubic 
terms have to vanish due to the Jacobi identities. It is interesting to note that the 
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same cancellation will also occur in the case of the usual p-branes. The constraints 
are not modified by the nonzero tension and so the results obtained here for the 
subalgebra ( |3.64| ) are also valid for the tensile p-brane. 

The investigation of the quantum theory of this model within the framework of a 
BRST quantization requires the introduction of new operators. To every constraint, 
one introduces a ghost pair c^^ ... ^p; ^mi,...,mp; ^ ^ {"Ij-^a}; that is fermionic. The 
generator of BRST transformations, the BRST charge is found to be 



p 



X] X! X! ^a)<^-A;i,...,-A:pC^?i,...,-«p^fci+«i,.--,fcp+«p 
0=1 ki,...,kp li,...,lp 

P L L L 

~i X! X! X! ^l3(^-ki,...-kp(^-h,--lp^k"+h,...,kp+lp 
o,/3=l k\,...,kp li,...,lp 

P L L 

+ 1 X! X! X! ^'^^-k^,...-kp(^-h,...-lpbk'^+h,...,kp+lp- (3.65) 
ki,...,kp li,...,lp 

The classical nilpotency, = 0, is guaranteed by construction. To check the 
nilpotency of the quantum Q = |(<5 + Q^), which is constructed to be hermitian, 
one uses the extended constraints SL, ^ . These are BRST invariant extensions 
of the original constraints and they satisfy the same algebra as the original ones for 
first rank systems. They are defined by the equation 

4'm\,...,mp {^mi,...,nip5 



We can now calculate the BRST anomaly using the method described in [^. There 
it is shown that 

= 1 V V r/" 

2 / y / y mi,...,mp^mi,...,mp^—mi,...,—mpi 
I^J mi,...,mp 

where d^"^ are the central extensions of the extended constraints algebra. This means 
that 

= i E (3.66) 
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The exact values of (P depend on the vacuum and ordering we use. The simplest and 
safest method to determine these constants is to calculate the vacuum expectation 
value of the commutators ( p.64| ) for the extended constraints. 

According to arguments presented in |6^, the vacuum suitable for tensionless 
strings is not one annihilated by the positive modes of the operators but one anni- 
hilated by the momenta 



p;;|0)p = Vm. 



(3.67) 



In the case of the tensionless p-brane, the vacuum is defined also by ( |3.67| ) in p6| . 
Following the prescription of ||9^, one takes the ket states to be built from our 



vacuum of choice, |0)p, and the hra states to be built from a;(0| satisfying a;(0|0)j 



For the vacuum ( p.67[ ) and from the requirement that the BRST charge p.65| ) 
should annihilate the vacuum, one obtains further requirements on the ghost part 
of the vacuum. Doing this one finds that the vacuum has to satisfy the following 
conditions 



"m-i,...,mp 



The expectation value of the commutator ( |3.64| ) is 



r a T a 

mi,...,mpi —mi, 



0) = 2m« (0 



0) +ma<r 



^o,...,o 



(3.68) 



where a2 = (0 Lg g O/- -^^^ ^ hermitian BRST charge Q one will has 



+00 



al = -\{D + l+p) ^ fc„ 1 = 0- 



Thus from the relations (|3.66|) and ( p.68| ) one deduces that the BRST charge is 
nilpotent for any space-time dimension D. So in the theory of tensionless p-branes, 
just as in the theory of tensionless strings the critical dimension is absent and the 
theory is quantum mechanically consistent for any dimension D. 
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If we choose the vacuum to be annihilated by the positive modes, as is the case 
for the usual string, the commutators ( p.64| ) will give 



L^^,...,^ , L1^,,...,-m^ 0) = 2m„ (0 LI J O) + m^d" 



[{D - 25 - p)ml -{D-1- p)ma\ 
D = 25 + p. 



E 



hi .....k, 



- = 2mQ,a2 + mad^ 



(3.69) 



This results agrees with the critical dimension of D = 27 for the membrane {p = 2) 



which was given in p5| , and can be generalized to the case of null spinning p-brane 

m 

100 + 4p - 22N 



D 



4 + N 



(3.70) 



being the number of world-volume supersymmetries. 

The isomorphism Cd-i,i — 0{D,2) for D > 3 makes it possible to construct 
a theory in two extra dimensions such that the previous model corresponds to a 
particular gauge fixing of the latter and the conformal symmetry is manifest and 
linearly realized. This conformal tensionless p-brane action can be given by 

S = JdP-^'aV''{da + Wa)X^V\dh + W,)XA + <l>X^XA}, (3.71) 

where A = 0, . . . ,d + 1 and the new metric has the form 

0\ 
7]AB= 0...0 1 . 

V0...0 0-1/ 

Wa is the gauge field for scale transformations and $ is a Lagrange multiplier field. 

We can check that by imposing two gauge fixing conditions = 0, X~^ = 1 
the generators of the Lorentz transformations in the extended space become the 
generators of the conformal group in the original space. Thus rotations in the 
extended space correspond to conformal transformations in the original space. 

Going to the Hamiltonian formulation we find in exactly the same manner that 
the Hamiltonian is again a linear combination of the constraints. In addition to the 
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original constraints ( p.61D -( p.62D we will have two new ones which in Fourier modes 
can be written as follows 

+00 



6^ 

mi,...,mp 



6° 

mi,...,mp 



2 ^ ^ •^mi—ki,...,mp—kp ' •^ki,...,kp 0, 

ki,...,kp=—oo 

+00 

2 ^ ^ Pmi—ki,...,mp—kp ' •^ki,...,kp 0. 

Cl,...,/ilp = 



(3.72) 
(3.73) 

ki,...,kp=—oo 

The constraint algebra with the central extensions included, for p > 1, will be given 
by 



0mi,. 


.,mp 1 ^ni,. 


.,np 




..,mp+np 


■^'''^'-'mi+ni • • • ^rrip+np) 


(3.74) 


0mi,. 


.,mp 1 ^rii,. 


.,np 


~ ~'^'Pmi+ni,... 


,mp+np 1 




(3.75) 




ja 

■ ,mp^ ^ni,. 


.,np 


= {rria - na)4 


■'nii+ni,. 


.,mp+np 1 


(3.76) 




..,mp 1 4^n\,. 


.,np 


— i(h^ 

T^mi+ni,...,m 


p~\-Tlp ' 




(3.77) 




.,mp^ n\,. 


.,np 


= {rria + na)4 


^mi+ni ,■ 


.,mp+np ' 


(3.78) 


;c 


ja 

.,mpi ni,. 


.,np 


= ^a'Prni+m,. 


.,mp+np 


~l~ C?T7.fj(5n2i +ni • • • ^mp+Upj 


(3.79) 




.,mpi ni,. 


.,np 




.,mp+np 
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1 i^a-^mi+ni,...,mp+np 












- n^d^ 


1 ^nii+ni • • • ^mp+Up- 


(3.80) 



With the constraint algebra at hand one finds the BRST charge to be 



Q 



[4'-ki,...-kp'^ki,...,kp~^ X! -ki,----kpCkZ--;kp 



a ^1 



+ X! X! [^'^'^~ki,...-kp'^-h,...~lpbki+h,...,kp 



+lp 



V 



.0 



]_ ^ . . . ^ ^p ^p ~l~ ^ X V ■ ■ T ^p ^' 



I X! f^l3C-ki,...-kp'^-h,...-lpbki+lu...,kp+lp 
a,f3=l 

P 

-lI V / r-^" r'^" Z)'^'^ 

^2 '■a'--fci,...,-A:p'--«i,...,-ip"fci+«i,...,fep+ip 

P 

-^{ka- ^a)c_fe^,... _fcpC^?i,...,-«p^fci+«i,.--,fcp+«p 
P 



(^a ^a)C-A:i,...,-fcpC^?i,...,-«p W+ii,...,fcp+«p 
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X! ^aC^-ki,...,-kp'^~h,...,-lpbki+li,...,kp+lp ■ (3.81) 
a=l 

Again one can check the nilpotency of Q with the use of the extended constraints. 
They satisfy the same algebra as the original constraints. The only thing that 
remains now is to calculate the values of the constants rf", a = l,...,p and c 
for the vacuum and ordering introduced previously. In this case, the condition 
Pmi, ..,mp|0) — together with the requirement that the BRST charge ( p.81D should 



annihilate the vacuum gives the following consistency conditions Vmi, . . . , rrip 



(0|'^mi,...,mp (0|'^mi,...,mp I ^mi ,...,mp ^■ 



In the same way as was done previously, one finds that d°' = 0. The value of c is found 
by calculat 
This gives 



by calculating the expectation value of the commutator (0| [(pmi,...,mpy 'i^-mi,...,-mp] 



^mi,...,mp,0-mi,...,-mj |0) = (0 



) + crrio 



^ = rriaao + crria = 
=^ c = —Qq. 

But for a Hermitian BRST charge Q we will have 

«o = (oi0°io) = -^[z)-2][ y: l)- 

\ki,...,kp J 

The BRST charge is nilpotent when all the constants da and c are equal to 0. In 
particular we must have 

d = 0^ D = 2. 

Thus one finds a critical dimension of -D = 2 for all the tensionless conformal p- 
branes. It should be stated here that the result is valid for p 7^ since the quantum 
theory of the conformal particle is consistent in any dimension. 

The above results can be easily generalized to the case of the conformal tension- 
less spinning p-brane. Using the techniques presented here, one finds for the p-brane 
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a negative critical dimension 

D = 2-2N, Vp > 1, 

A^, being the number of supersymmetries. Again this result is valid for p 7^ since 
for the conformal spinning particle the same analysis reveals consistency in any 
dimension. 

The first work on the classical dynamics of tensionless branes (p > 1) in curved 
background is (unpublished). Because of this, we will consider the results ob- 
tained in it in some detail. 

The action for null p-branes in a cosmological background Gmn{x) may be 
written as 

S = ]d i -^^^ , (3.82) 

(M,Ar = o,...,D-l), (m,n = l,...,p), 

where E{t, a") is a {p + 1) -dimensional world-volume density. The determinant 
g of the induced null p-brane metric g^^ 

Gab{x) x^ x^ Gab{x) dnX^ 

dmX^ Gab{ 

x) X gninix) 



g^u = d^x^ Gmn{x) dyX^ 



gmn{x) = dmX^ G Ab{x) OnX^ , 

may be presented in a factorized form 

g = x'^ IlMNix) x^ g, g = detg^n, 
where point denotes differentiation with respect to r . The matrix 



^MN — Gmn — Gmb dmX^ Cj <9„x^ G 



LN 



has the properties of a projection operator. Therefore, the action p.82| ) can be 
written in the following form: 

x^ IImn{x) g 



S = j rfp+^e 



E(r, a") 
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The variation of this action with respect to E generates the degeneracy condition 
for the induced metric g^u 

g = det g^,^ = 0, 

which separates the class of {p + 1) -dimensional isotropic geodesic hypersurfaces 
characterized by the null volume. In the gauge 

X^'GMNdn.x'' = 0- (^1^ =0 

one finds the equations of motion and constraints in the following form 

x"" + T^'q = 

x^Gmnx^ = 0, x^GMNdmx'' = (3.83) 

Now consider the case of D-dimensional Friedmann universe with k = (flat 
spatial section) described by the metric form 

ds^ = GuNdx^Ux^ = {dxy - R\x^) dx'dikdx^. (3.84) 



It is convenient to transform equations ( p. 831 ) to the conformal time x (r, a") 



defined by 

dx^ = C{x^)dx°, C{x^) = i?(x°), x' = x' (3.85) 



In the gauge of conformal time, the metric ( p.84| ) is presented in the conformal-flat 
form 

ds'^ = C (x'^)r]MNdx^ dx'^ , tjun = diag{l, —Sij) (3.86) 

with Christoffel symbols Tpqlx) 

^U^) = C-\xM^dQC + 6ppC - VpqO^'C]. (3.87) 



Taking into account the relations ( |3.85| ), ( |3.87| ), one can transform equations ( p. 83] ) 
to the form 



X +2C ^Cx = 
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r^MAfa; x =0, Vmnx OmX = 0. 
The first integration of tliese equations leads to tlie following first order equations 
H*C^i'' = ^°{a\a^,..,aP), H*C^x = ij\a\a^, ..,aP), (3.88) 
the solutions of which have the form 

T = H*^Q^ f dtR{t), (3.89) 

xHt, a\ a\ .., a^) = H*-^i,' T dr R-\t), 

Jo 

where H* is a metric constant with dimension L"^ , to = o"^, cr^, .., a^), and 
x*(0, 0"^, cr^, .., cr^)) , '?/^*^((j"') are the initial data. The solution (|3.89|) for the space 



world coordinates x'^{t){i = 1, D ~ 1) as a function of the cosmic time t = x° , 
may be written in the equivalent form as 

x'{t, a\ fT^ .., a^) = x'{to, a\ a^ .., a^) + u'{a\ a\ .., a^) /* dt R-\t), 



where u^{a"') = tpQ ^■ip\ The explicit form of the solutions ( |3.89D allows to transform 



the constraints (ui.86) into those for the Cauchy initial data: 

u'{a"'y{a^)6,k = 1, (3.90) 

d^x^O, a^) = R{x'{0, a'") u\a^)S,kd^x''{0, a^, (3.91) 



where u^{a^, cr^, .., a^) = V'Vo Note that the constraints ( p.90[ ) and ( p.91| ) produce 



additional constraints , which are their integrability conditions 

dUM^ndnx\0, a')) - a„(z/,(a")9„a;*(0, a')) = 0. 

Now one can show that the null p-branes may be considered as dominant gravity 
sources of the Friedmann universes. To this end, one assumes that the perfect fluid 
of these null p-branes is homogenious and isotropic. The energy density p{t) and 
the pressure p{t) of this fluid and its energy -momentum (Tmn) are connected by 
the standard relations 

{To') = Pit), {T^) = -p{t)6i = (3.92) 
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The tensor (Tmn) is derived from the momentum-energy tensor Tmn of a null 
p-brane by means of its space averaging when a set of null p-branes is introduced 
instead of a separate null p-brane. The energy -momentum tensor T*^^(x) of null 
p-brane is defined by the variation of the action (|3.82|) with respect to Gmn{x) 



T^N(X) = —^-^J dT(Fix^x''5''{X^' -x^') (3.93) 
After the substitution of the velocities x"^ ( |3.88|) and subsequent integration with 



respect to r , the non-zero components of Tmn ( |3.93| ) take the following form 

1 



where the time dependence in T^'^ is factorized and accumulated in the scale 
factor R{t). The constraint i/*(cr™)z/^(cr")5jfe = 1 gives rise to the following 
relation between the components of the tensor {Tmn) 

TrT = To° + GijT^ = 0. 

As a result of the space averaging, one finds the non-zero components of (Tmn) to 
be equal to 

in') = Pit) = m = -pm', (3.94) 

where A is a constant with dimension . The equations ( |3.94| ) show that 

the equation of state of null p-branes fluid is just the equation of state for a gas of 
massless particles 

(Tr T) = (Tm'O = 0^p={D- l)p. (3.95) 

Now assume that the fluid of null p-branes is a dominant source of the Friedmann- 
Robert son- Walker (FRW) gravity ( |3.84| ). For the validity of the last conjecture it is 
necessary that the Hilbert-Einstein (HE) equations 

i?Af^ = 87rGz5(TM^) (3.96) 
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with non-zero Ricci tensor Rm^ components defined by G 

D-l <fR 



N 

M 



1 d^R D-2 fdRV 
R~diF^ R^ \~dt) 



should contain the tensor {Tm^) (|3.92|) as a source of the FRW gravity. Moreover, 
the constraints ( ^.941 ), i.e. 

pR^ - A = 0, 



must be an integral of motion for the HE system ( p.96|) . It is actually realized 
because 

— {pR^) = ~ ^ R^^^ —Rm'^^ = 
dt IGttGd dt ' 

since the trace Rm'^^ ~ {Tm'^^) = (see ( |3.95| )). In view of this fact it is enough 
to consider only one equation of the system 



\R dt J {D-l){D-2) RD ^^-^'^ 

which defines the scale factor R(t) of the FRW metric ( p.84| ). Note that when 
D = 4, the equation ( p. 97] ) transforms into the well-known Friedmann equation for 
the energy density in the radiation dominated universe with k = . The solutions 
of equation ( |3.97| ) are 



Ri{t) = [q{t,-t)]^/'', t<tc, 

Rii{t) = [q{t - Qf, t > t„ 

where q = [ATiGDA/iD -1){D- 2)]^/^ and is a constant of integration which is 
a singular point of the metric. The solution Rj describes the stage of negatively 
accelerated contraction of D-dimensional FRW universe. The second solution Rjj 
describes the stage of negatively accelerated expansion of the FRW universe from a 
state with space volume equal to "zero". Thus we see that the perfect fluid of non- 
interacting null p-branes may be considered as an alternative source of the gravity 
in FRW universes with k = . 
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Now let us give the Hamiltonian for null p-brane theory in curved space-time in 
this formulation. The canonical momentum of null p-brane Vm conjugated to its 
world coordinate x*^ is 

Vm = 2^-^ g Umn{x) x^. 
Then one finds the following primary constraints 



The Hamiltonian density produced by the action functional ( |3.82|) is 

The condition for conservation of the primary constraint 

V(E) = 0, 

where V(^e) is the canonical momentum conjugated to E, generates the following 
condition 

= J (Fi {'H^,Vi^E)} = -^G''''VmVn = 0. 
The latter produces a secondary constraint 

G^'^'VmVn = 0. 

Additional constraints do not appear, so the total Hamiltonian of null p-brane is 
given by 

H = j dPi [A"^(GMiv5„x^P*0 + ^G^'^'VmVn + ^P(ir)], 

This hamiltonian and the reparametrization constraints may be used for the quan- 
tization of null p-branes in a curved space-time. 

Finally, let us consider the interaction of null bosonic membranes (j9 = 2) with 
antisymmetric tensor field T^y\ in four space-time dimensions [f73|| . 
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In the general case of null p-brane living in D-dimensional space, the interaction 



with the antisymmetric field T^y...A may be introduced in the action as follows [73 



S= 



det{djx^dKXi^ 
2E 



-\e-^'--^'dj,x^''...dj,x'''T, 



In the gauge 



(3.98) 



x^djXi, = 0, E = e{a^) det{djX^dkX 



one obtains from (|3.98| ) the equations 



X 



^ + XeJ---''dj,x>'^ . . . dj^x^^'d^.T^,,,,^^] =0, x^ = 0, 



where 



From now on, we restrict ourselves to the particular case D = 4, p = 2. The 
world vector x'^ of the null membrane interacting with the field Tx^^ which is dual 
to the vector field {Tx^u = T'^e^^x^iv) is defined as 



X^Xa = 0, 



x« + \e^^,,xdjx>'dKx''dLx\-^''''dpTf'ix) = 0, A = e{a')\. (3.100) 



(J = l,2), 



(3.99) 



At first, we consider equation ( ^.99| ) and using the isotropic character of x" present 
this vector, as well as the vectors djx'^ which are orthogonal to x'^, in the spinor 
form 



(3.101) 



The spinor basis used in ( p.lOlQ is defined as 

djx^" = {af")^^ djx^A, djx^A = cr^^^jx^. 
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In the spinor basis, it is evident that the representation ( |3.101D is the general 
solution of (|3.99|) , because 



U Ua = = UxU 



U 



e u 



.BA 



.12 



Bi 



1. 



After solving two of three integrability conditions {djX^)' = djx'^, one finds the 
following representations for the spinors u^, v^, w^: 



ua = exp 



r r, cr-" 



uj^ = exp 



r r, a-" 



va = exp (-r) <^ Pa{(^^) + dr diUA + «yu(T, (y^)uA exp(r) 



exp(rj 



(3.102) 



wa = exp (-r) <^ 7^(0-^) + / df d2UA + ii^{T,a^)uA 



Using ( |3.102| ), we conclude that the vectors c^jx^^ constrained by the equation ( p.99| ) 
can be presented in the form 



X 



AA=R{T,a^)aAaA, R= dTexp{r + r), 

Jo 

^i^AA = {(^aPa + PaQ^a) + di {RaAQA) ? 
d2XAA = ("a7a + lAOiA) + d2 {RaAa^) ■ 



(3.103) 



The last integrability condition di{d2x'^) = d2{dix'^) may be written in the form 



^1 {aAlA + Iac^a) = d2{,aApA + Pa^a)- 



(3.104) 



In particular, equation ( |3.104D has the solution Pa = diaA, 7a = d2aA, which 
generates the following world vector 



x^(r, cr^') = 1 + R{t, a^) {aa^a) + q 



(3.105) 



If we introduce the vectors = —\ {aa^a) and h^{a^) composed of the spinors oa, 
Pa, 7a and satisfying the following relations 



a^a^ = 0, a^djbiy = 0, 



the general solution of ( p. 991) may be written in the form 



x^ir, a^) = R{t, a^)a^((T^) + b^ia^). 



(3.106) 



(3.107) 
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Taking into account the invariance of ( ^.991 ) under world-volume reparametrizations 
defined by the relations r f(r, o"-'), a^{a''), one can choose i? as a new 

proper time: f = R. 



In the new coordinates {R, a^), the general solution (|3.107|) takes the form of the 
general solution of free null membrane equations of motion. Hence, the null mem- 
brane interactions with the Tx^^ field can be compensated by the reparametrizations 
of its world- volume. The i?-function is defined by the left hand side of ( p.lO0| ), which 
may be written in the following form 



- Q\%d,T^ = 0, 



where VL^ is the four-vector of an element of the light-like volume 



written in the spinor basis. Via can be presented also in the form 



BC 



^AC^AB ( ~ : 



[a J Xj^^diXBBd2Xcc- (3.108) 



When equations ( p.l03| ) for djXj^^j^ are substituted into (|3.108| ), one finds that the 
four- vector VL^ is coUinear to the light-like vector a^[(T^) 



VL^ = -^R (^AR'^ + BR + D) a^{a^), 

where the coefficients A{a^), B{a^) and D{a^) are defined as 

A{a^) = i[{a- (3) (a ■ 7) - c.c] , 

B{a^) = i[{a ■ dia) (a ■ 7) — (a ■ d2a) (a ■ /?) — c.c] 

D{cr^) = i[{a ■ dia) (a ■ d2d) — c.c] . 



(3.109) 



Taking into account the equations ( |3.103| )-( p.l07| ) and ( |3.109|) , one finds that 
( |3.100| ) is reduced to the single equation for the function R 



R + 3XR (AR^ + BR + d) d^T^iR, a^, h") = 0, 
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which can be integrated. Its general solution may be presented as 

f{R) = -xJdR [AR^ + BR + D) d^T^iR, a^", 6") + Ci{a^). 

In the particular case when T^^x = x'^ep^^x, this solution is expressed by the 
table integral 

The relation ( p.llO| ) establishes a connection between the old proper time r and the 
new one R. The usage of the new world-volume coordinates f = R, leads to the 
exclusion of the field T^^i/ from equations (|3.99|) , ( p.lO0| ) in the considered particular 
case. 
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4 TENSIONLESS BRANES AND THE NULL 
STRING CRITICAL DIMENSION 



In this section we perform BRST quantization of the null bosonic p-branes 
using different types of operator ordering. It is shown that one can or can not obtain 
critical dimension for the null string {p = 1), depending on the choice of the operator 
ordering and corresponding vacuum states. When p > 1, operator orderings leading 
to critical dimension in the p = 1 case are not allowed. Admissible orderings give no 
restrictions on the dimension of the embedding space-time. The results described 



here are obtained in the paper [71 



4.1 Classical theory 

To begin with, we first write down the Hamiltonian for the null p-branes living 
in D- dimensional Minkowski space-time. It can be cast in the form: 

H = j (Fa (/iVo + /iVj), 

where /i", /i-' are Lagrange multipliers being arbitrary functions of the time parameter 
r and volume coordinates a^,...,a^ . The constraints v^o^V^j are defined by the 
equalities: 

Here x'^ and are canonically conjugated coordinates and momenta and 77^,^ = 
diag(-l, 1, 1). 

(po and (pj obey the Poisson bracket algebra 

Woigj_),(poigj)} = 0, 

Wo{gj),(Pj{q2)} = Ifoioj) + (f o{£2)]djSP {01-02), (4.111) 
{ipj{o2),(pk{oj)} = [Sjifkiqi] + Siipj{o2)]di6P{qi- 02), 
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which means, that they are first class quantities. The Dirac consistency conditions 
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do not place any restrictions on the Lagrange multipliers fi^,^K 



Following the BFV-BRST method for quantization of constrained systems |T9 



80| , pl| , |82| , we now introduce for each constraint ipo, (pj a pair of anticommuting ghost 
variables {rf^Po), {r]^,Pj) respectively, which are canonically conjugated. Then the 
BRST charge is 

and it has the property 

{Q,Q}pb = o 

where {., .jp?, is the Poisson bracket in the extended phase space (x'^, p^^rp.PQ, r]^ , Pk). 
In the new phase space, the constraints are given by the following brackets: 

(^*°* = {Q,PoU = ^o + 2Pod,v' + {djPoW = V>o + V>f, 

= {Q,P,U = ^j + 2Po{d,v') + {djPo)v' + PAv'' + Pk{djv') + {dkPj)v 
= ^j + ^f 

and they are first class. The BRST invariant Hamiltonian is 
Hx = {Q^ x}pb , {Q, H^}pb = 0, 
where x is arbitrary, anticommuting, gauge fixing function. We choose 
X = A° y d^aPo + J (FaPj , A°, A^' - const 



k 



and obtain: 



= I dP(T[AVo°* + A'^f]. (4.112) 



Let us note that additional set of canonically conjugated ghosts (r^o, -P°), {rfj, P^) 
must be added if we wish to write down the corresponding BRST invariant La- 
grangian. If so, Q and x have to be modified as follows 



Q = Q + J dPa{MoP^ + MjP^), 



X = x+ dPa 



where Mq, M,- are the momenta, canonically conjugated to f/* and fi^ respectively, 



and X'' are gauge fixing conditions p.OCI|| for (^q and (pj, po and p(j) are parameters. 
All the above results in the Lagrangian density {dr = d/dr): 



Ly- — L + Lgf + Lgh, 



where 



the gauge fixing part is 



Lgf = ^{drP^ - X°)(5r/Uo - Xo) + i^idrP^ - x'){drPj - Xj) 
and the ghost part is 

Lgh = -drTjodrr]^ - drrfjOrV^ + /i°[29^?7o5j^-' + {djdrrfo)?]^] 

+ / c^V{r7o(a')[{¥^o,X°(£')W + {¥.„x°(£')W] 



Let us now go back to the Hamiltonian picture. The Hamiltonian (|4.112|) leads 
to equations of motion with the following general solution for the bosonic variables 



X 



y^{z) + 2g{T)p^{z), Pu=Pu{z), 



and for the ghosts [101 



= C'iz)+giT)d,v\z), 



Pn 



rf = 1]^ {z_) 



= U,{z)+giT)d,Poiz). 



Here y'^,Pu, C , Po, V'' ^-re arbitrary functions of the variables z^ , 

= PJt + and gij) = A°r. 



(4.113) 



79 



On the solutions ( |4.113| ) the BRST charge Q takes the form [ p.01[ ] 



where 0o = P^(^) , 0j = Pu{z)djy'^{z). Now the constraints are 

and they are connected with (/Jq"*, by the equahties 

From now on, we confine ourselves to the case of periodic boundary conditions 
when our phase-space variables admit Fourier series expansions. Let us denote the 
Fourier components of y'^,p'^,(^^Po^V'' with xl,pl,Ck,bk,c'k ^j,k respec- 

tively. For the zero modes of p'^ and x", we introduce the notations 

Then we have the following non-zero Poisson brackets: 

{ck,bn}pb = -iSk+n,o, {ci,bk,n}pb = -iSi6k+n,o- (4.114) 
The Fourier expansions for the constraints 0q°* and 0*°* are 

Here 

= HQ^ bnU = Cn + Cf , = t{Q', bj,nU = Dj,n + ^f,t, (4.115) 



where 



Q' = E {[CiL + (V2)Cf ]c_^ + [D,,^ + (l/2)Dfjcl J, 



neZP 

Cn = (27r)P J2 PkPu,n-k, 
k£ZP 

^hn = - XI ('^i ~ kj)PlXy,n-k, (4.116) 

= E ('^i ~ kj)bn+kC'-ki 
k&ZP 

Dj^n = E [(% ~ kj)bn+kC^k + {5]nk - 6lkj)bi^n+kc'!Lk] 
kezp 
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Using expressions ( |4.114| )-( |4.116D , one obtains the algebra of the total generators 



X^n ■> f pb — U, 

= -t{n, - m,)C'^l^, (4.117) 
{Df;l,Df^},, = -t{5\n,-5im,)D\%^^. 



4.2 Quantization 

Going to the quantum theory according to the rule ^ (anti) commutator, 
we define by introducing the renormalized operators are constants) 

= C„ + - «5„,o , = D,, „ + Df^ - /?Ao (4.118) 



and postulating ||101 



=T. ■{\Cn + (l/2)Cf - a5n,o}c-n 



where :...: represents operator ordering and operator ordering in C„, Dj^ is also 
assumed. 

Let us turn to the question about the critical dimensions which might appear 
in the model under consideration. As is well known, the critical dimension arises 
as a necessary condition for nilpotency of the BRST charge operator. In turn, this 
is connected with the vanishing of the central charges in the quantum constraint 
algebra. Because of that, we are going to find out the central terms which appear 
in our quantum gauge algebra for different values of p (the most general form of 
central extension, which is compatible with the Jacobi identities is written in the 
Appendix). 

We start with the case p = 1, which corresponds to a closed string. In this case 
j = k = 1 and one defines the operator ordering with respect to p!l„,...,c_„ and 
p'^, c„, (n > 0), so that 

p''_^ I >= ... = c_„ I >= 0, < I pj; = ... =< I c„ = 0. 
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We call this ordering "string — like". Using the explicit expressions for the con- 
straints ( 4.1161 ), one obtains that central terms appear in the commutators [Dn, Dm], 



[D^'^, D^] and they are respectively 

c = (D/6)(n2 - l)n5n+m,o , c^'' = -(l/3)(13n2 - l)n(5„+^,o. 
Therefore, the quantum constraint algebra has the form 

= (n - m)C+„. + 2«n5„+^,o, 
[Df , D;^*] = {n- m)Di% + (1/6) [{D - 26)n' + {12(3 - D + 2)]n5„+™,o. 

This means that the conditions for the nilpotency of the BRST charge operator 
are 

{D - 26)n^ + (12/5 - D + 2) = , a = 0, 

which leads to the well known result D = 26,(3 = 2. Obviously, this reproduces one 
of the basic features of the quantized tensionful closed bosonic string - its critical 
dimension. 

Going to the case p > 1, one natural generalization of the creation and annihi- 
lation operators definition is 

p^|0>,= 0, .<0|p^^ = 0, for >0 

i=i 

and analogously for the operators a;J^,...,c{. However, it turns out that such defi- 
nition does not agree with the Jacobi identities for the quantum constraint algebra 
(except for p = 1). That is why, we introduce the creation (+) and annihilation (— ) 



operators as follows [|101|| 



K = {l/V2Wn^+f_l), ...,cL = (l/v^)(c^- + d") (4.119) 
and respectively new vacuum states 

I vac >= ... = c^" I vac >= , < vac \ pj^"*" = ... =< vac \ (P^ = 0. 
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This choice of the creation and annihilation operators corresponds to the repre- 
sentation of all phase-space variables p", ...,c^ as sums of frequency parts which are 
conjugated to each other and satisfy the same equation of motion as the correspond- 
ing dynamical variable. 

By direct computation one shows that with operator product defined with respect 
to the introduced creation and annihilation operators ( [4.1 19|) (we shall refer to as 
"normal ordering"), a central extension of the algebra of the gauge generators 



( |4.118| ) does not appear, i.e. a = 0,(3j = 0. Consequently, the BRST charge 
operator Q''^ is automatically nilpotent in this case and there is no restriction on the 
dimension of the background space-time for p > 1. 

The impossibility to introduce a string — like operator ordering when p > 1 
leads to the problem of finding those operator orderings which are possible for p = 1 
as well as for p > 1. First of all, we check the consistency of the (already used for 
p > 1) normal ordering for p = 1. It turns out to be consistent, but now critical 
dimension for the null string does not appear. The same result - absence of critical 
dimension for every value of p, one obtains when uses the so called particle — like 
operator ordering. Now the ket vacuum is annihilated by momentum-type operators 
and the bra vacuum is annihilated by coordinate-type ones: 

I >M = bn\0 >M= bn \ >M= 0, 

c<0|< = c<0|c„ =c< I c„ = , yneZP. 

Further, we check the case when Weyl ordering is applied. Now it turns out, that 
in the null string case {p = 1) this leads to critical dimension D = 26, but for the 
null brane {p > 1) this ordering is inconsistent, as was the string — like one. 

As a final result, we checked four types of operator orderings. Two of them are 
valid for the string as well as for the brane and then we do not receive any critical 
dimension. The other two types of orderings give critical dimension D = 26 for the 
string and are not applicable for the brane. Our opinion is that the right operator 
ordering is the one applicable for all p = 1, 2, .... In other words, our viewpoint is 
that neither null strings nor null branes have critical dimensions. The same point 
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of view is presented in pH . 



Let us discuss in more details the impossibility to introduce at p > 1 an operator 
ordering which at p = 1 gives critical dimension. This is connected with the fact 
that the constraint algebra, as is shown in the Appendix A, does not possess non- 
trivial central extension when p > 1 (see also [|102|| , [Q). As a matter of fact, 
the string critical dimension appears in front of n^, i.e. in the non-trivial part of 
the constraint algebra central extension, which can not be taken away by simply 
redefining the generators Dn, in contrast to the trivial part ~ n. Because of the 
nonexistence of non-trivial central extension when p > 1, any critical dimension 
arising is impossible in view of the Jacobi identities. Therefore, if the quantum null 
brane constraint algebra is given by (up to trivial central extensions) 

\/^tot /^totl ri 

then the latter has no critical dimension and exists in any D-dimensional space-time, 
when embedding of the p + 1- dimensional world-volume of the p-brane is possible. 

Finally, note that in each of the p subalgebras (at fixed j) of the constraint 
algebra, one can obtain non-trivial central extension and consequently - critical di- 
mension (see Appendix A). For example, taking string — like or Weyl ordering, one 
derives D = 25 + p. The same critical dimensions are obtained also in [^]. How- 
ever, the considered quantum dynamical system is described by the full constraint 
algebra, where only trivial central extensions are possible. 

4.3 Comments 

The observation, that there is an operator ordering which is valid Vp G Z+ 



and another one, which is admissible only for p = 1 ||101|| , leads to the problem 
of finding those orderings which are possible for every positive integer value of p. 
We applied here four types of operator orderings and we establish that two of them 
{normal and particle — like orderings) are admissible Vp G Z^, but the other two 
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{string — like and Weyl ordering s) are admissible only for p = 1. The fact that 
the latter two orderings lead to the appearance of critical dimension, and the former 
two do not, is a consequence of the constraint algebra property to have non-trivial 
central extension only for p = 1. On the other hand, the obtained nontrivial central 
extensions of the Virasoro type for some of it subalgebras, provide an explanation 



why the critical dimensions D = 25+p,p = 1, 2, ... ||6^, re-derived here, can emerge. 
However, our claim is that the critical dimensions appearing in the subalgebras, must 
not be considered as such for the given model as a whole. The model is represented 
by the full constraint algebra, which does not possess non-trivial central extension 
for p > 2. This leads us to the proposition of the rule: the right operator orderings 
in the case of null string {p = 1) are those which are also admissible in the p > 1 
case. 
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5 NULL BRANES IN CURVED 
BACKGROUNDS 



In this section, we consider null bosonic p-branes moving in curved space- 
times. Some exact solutions of the classical equations of motion and of the con- 
straints for the null membrane in general stationary, axially symmetric, four dimen- 
sional gravity background are found. The results considered here are obtained in 
|74 . 



5.1 Classical formulation 

The action for the bosonic null p-brane in a D-dimensional curved space-time 
with metric tensor g^v{x) can be written in the form: 

S = j <F+^iL, L = V-^V^djx^'dKx''gf,^{x), (5.120) 

dj = d/de, e = {e,e) = {r,cr^), 

J,K = 0, , j,/c = l,...,p , /i,i/ = 0,l,...,D-l. 



It is an obvious generalization of the flat space-time action given in . 

To prove the invariance of the action under infinitesimal diffeomorphisms on the 
world- volume (reparametrizations) , we first write down the corresponding transfor- 
mation law for the (r,s)-type tensor density of weight a 



a\ 



+ T^^tK.MdK,^'' + ■■■+Tt±-.K[^]dK.e^ (5-121) 
+ aT^\:±[a]dLs'^, 

where is the Lie derivative along the vector field e. Using ( p.l21| ), one verifies that 
if a;^(0) 9fj.u{0 world-volume scalars (a = 0) and V'^(^) is a world-volume (1,0)- 
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type tensor density of weight a = 1/2, then djx^ is a (0,l)-type tensor, djx^dxx'^g^iu 
is a (0,2)-type tensor and L is a scalar density of weight a = 1. Therefore, 



and this variation vanishes under suitable boundary conditions. 
The equations of motion following from ( |5.12CI|) are: 

V'djx^dKx'g^^x) = 0, 

where F^^ is the connection compatible with the metric g^y{x): 

^Iv = ^g^^d^g^p + d^g^p - dpg^^). 

For the transition to Hamiltonian picture it is convenient to rewrite the La- 
grangian density ( |5.120 ) in the form {d-r = d/dr^dj = d/da^): 



L = —g^^ix){dr - fi^dj)x''{dr - 



(5.122) 



where 



1 



Now the equation of motion for x^ takes the form: 



2fi 



-{dr - fi'dk)x' 



— {dr-fi'd,)x 



(5.123) 



The equations of motion for the Lagrange multipliers and ii^ which follow from 
(|5.122| ) give the constraints : 



gt,u{x){dr - ^i^dj)x^{dr - /9fc)x'' = 0, 
gt,v{x){dr - fx^dk)xf'djx'' = 0. 

In terms of x'^ and the conjugated momentum they read: 



(5.124) 



To = g^''{x)ppp, = 



Tj = PudjX^ = 0. 



(5.125) 
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The Hamiltonian which corresponds to the Lagrangian density ( |5.122[ ) is a hnear 
combination of the constraints ( 5.125|) : 



Ho = J c/V(/ro + /i^T,). 
They satisfy the following (equal r) Poisson bracket algebra 
{To{a,),Toia,)} = 0, 

{To{a,),T,{a,)} = [To{a,) + To{a,)]d,6^{a, - a,), (5.126) 



The equalities ( p.l26| ) show that the constraint algebra is the same for fiat and 



for curved backgrounds. Consequently, one can apply the BFV-BRST approach in 
exactly the same way as in the previous section. 

5.2 Null membranes in D=4 

Here we confine ourselves to the case of membranes moving in a four dimen- 
sional, stationary, axially symmetric gravity background of the type 

ds"^ = gooidx^ + gnidx^y + g22idxY + gssidx^Y + 2go3dx^dx^, (5.127) 

We will work in the gauge fi^,fi^ = constants, in which the equations of motion 
( ^.123| ) and constraints ( p. 124] ) for the membrane [j, k = 1,2) have the form: 



{dr - fi'd,)idr - fi''dk)x^ + T^^^idr ' ii'dj)x^{dr - fi'dk)x'' = 0. (5.128) 

9^u{x){dr - fi'd,)x^{dr - fi'dk)x'' = 0, (5.129) 
9i,Ax)idr - iJ.''dk)x''djx'' = 0. 

To establish the correspondence with the null geodesies we note that if we introduce 
the quantities 

u^ix) = {dr - I2^dj)x\ (5.130) 



the equations of motion ( p. 1281 ) can be rewritten as 



u 



^{d^u^ + Tlu>^) = 



Then it follows from here that does not depend on . In this notations, the 
constraints are: 



g^.u'^u'' = 



Qf.^u'^djx'' = 0. 



Taking into account the metric ( ^.1271 ), one can write the equations of motion 
(|5.128|) and the constraint ( ^.1291) in the form: 



(Or - fl'd.y + 2(r°iM° + r?3u3) (Or - ix'd,)x' + 
+2(r°2M° + r°3M=^) {dr - fi^dj)x'^ = 0, 

+2T\^{dr - fi'dj)x\dr - fi''dk)x^ + Tl^idr " ft' d,)x\dr - fi''dk)x^ + 

{dr - fi^dj){dr - fi''dk)x^ + Tl^idr - fi' d,)x\dr ~ + (5.131) 

+2rl2{dr - fi^dj)x\dr - ii''dk)x^ + Tl^{dr - fi^dj)x\dr - fi^dk)x^ + 



00 



2 „,0„,3 
03' 



,3\2 



33 V 



{dr - fi'd.y + 2(Tiy + Tl^u^) {dr - fi'd,)x^ + 

+2(Tiy + r^gM^) {dr - fi'dj)x^ = 0, 
9n{dr - iJ,^dj)x\dr - fi^dk)x^ + g22{dr - fi^dj)x^{dr - /Sfc)^^ + 

+goo{uy + 2go3u\' + g;s{uy = 0, 
gu{dr - fi''dk)x^djX^ + 5-22 (<9t - ii^dk)x^djX^ + 
+{goQdjX^ + gozdjX^)u^ + {gmdjX^ + g33djX^)u^ = 0, 



where the notation introduced in (|5.13CI|) is used. To simplify these equations, we 
use the ansatz 

x'{T,a) = f{z\z')+t{T), 



X {T,a) 



r(r) 



x'{T,a) = 9{r) 



(5.132) 



= f\z\z')+^{r), 



where /°, are arbitrary functions of their arguments. 

After substituting ( p.l32| ) in ( p.l31| ) , we receive (the dot is used for differentiation 
with respect to the affine parameter r): 



u 



{g'^d^goo + g'^d^g,,) + {g''d,g,, + g^'^d^g^,,) u^]r (5.133) 



g^'d^g^o + g'^'d^g,,) + (g^'d^g,, + g'^d^g,,) = 0, 
2(7nf + digiir^ + 2d2giire - d^g^iO'' 
-\digm{uy + 29i^7o3M°m3 + 9i^733(m')'] = 0, 
2^22^' + ^2^22^' + 29i^22r^ - d^gxxv' 



-\d2gAuy + 292(7o3m"m' + d2gzAu 



,3n2i 



0, 



+ 



(i''d2g^Z + ^?°'52^?oo) W° + (^?''52^?33 + ^7°'52^703) 



= 0, 



^lir' + ^220 + ^00 (m ) + 2^03M M + ^33 (« 

(^7oo5,/° + ^703fi',/')w° + {g^Af + fefi*,/' 



,3\2 



0. 



(5.134) 



(5.135) 



^?''5i(7o3 + ^7°'5i(7oo) w° + (^7''5i(733 + ^?°'5i^?03) M=^]f (5.136) 



(5.137) 
(5.138) 



If we choose 



f\z\z') = f{w) 



f{z\z') = f{w), 



where w = w{z^, z"^) is an arbitrary function of z^ and z^, then the system of 
equations (|5.138|) reduces to the single equation 



/ df df\ / df df\ 3 ^ 

[goo-j- + go3-j-]u + {go3-j- + g33-j-]u = o. 

^ n.in nil)/ \ n.in n.in / 



(5.139) 



To be able to separate the variables m , u in the system of differential equations 



( ^.133| ), ( ^.136|) with the help of (|5.139|) , we impose the following condition on f'^ 



.w 



and f^{w) 



f{w) = C''f[w{z\z')] 



f\w) = C'f[w{z\z% 
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where C°,C^ are constants, and f{w) is an arbitrary function of w. Then the 
solution of ( ^1331) , { ^AM and (|5T39|) is [[lOSl (Ci = const): 



(5.140) 



u%t) = -C, [C'go3 + C'933) exp(-if), 
u\t) = +Ci (C°(7oo + C=^(7o3) exp(-iJ), 
H = J {g^'^'dgoo + 2g''^dgo3 + g^'dgss) . 

The condition for the compatibihty of ( p. 140] ) with ( |5.134[ ), ( |5.135D and ( |5.137| ) is 

- -Cr(C^g,, + C^g,,)h-^ 



M°fr) 



u 



= -Ci(cV°-CV')=i(r), 

(r) = +Ci{c'>goo + C'go3)h-' 

= -C,{C'g''-C'g'')=^{r), 

h = goog33 - 903- 



On the other hand, from (|5.135|) and ( |5.1371 ) one has: 



(5.141) 



41 



g''{cl[2C'C'g'-' - {C'fg^^ - (C°) V^] - g'\glJ)')}, 



9I.Q' 
G 



,dh , dg22G 



C. + CtJdOh-^[g22G--h 
iCygoo + 2G''G'gos + iGY933. 



(5.142) 



(5.143) 



In obtaining (|5.143| ), we have used the gauge freedom in the metric ( |5.127|) , to 



impose the condition [104|: 



As a final result we have 



X 



X 



X 



X 



G'f[w{z\z')]+t{T), 
r(r), 

G'f[w{z\z^)]+^{r), 
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where t{T),r{T),e{T),^{T) are given by ( ^TT^ , ( pTH^ ), and 

In the particular case when = 9 = 9q = const, one can integrate to obtain 
the following exact solution of the equations of motion and constraints for the null 



membrane in the gravity background (|5.127|) : 

r 

± Jdr - W~'/^ 

ro 
r 



W 

^0) ''^0; ^Oi To 



ro 



11 



constants. 



(5.144) 



5.3 Examples 

Here we give some examples of solutions of the type received in the previous 
section. To begin with, let us start with the simplest case of Minkowski space-time. 
The metric is 

goo = -1, gii = 1, g22 = 5(33 = sin^ 9, 

and equalities (|57[4lD , ( |57[42|) , ( ^TTiSD take the form: 



4/)2 



(CiC0)2 



sin^ 9 

When 9 = 9o = const, the solution (|5.144 ) is: 



sin'^ 



2 a ' 



dr 



[(C3)2-(CO)V-2sin-^^o] 



2/J ll/2' 
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r 



Ci(r-ro) = ±j 



sin^ ^0 1 r2[(C3)2 - (C0)2r-2 sin-^ Oof'^ ' 

dr 



ro 



[(C3)2- (CO)2r-2sin-2^o]'^'' 
Our next example is the de Sitter space-time. We take the metric in the form 

5-00 = - (l - ^^^) ' 9n = (l - ^^^) ' 5-22 = ^^ 933 = sin^ 6, 
where k is the constant curvature. Now we have 

t = i 

1 — /cr2 ' 

r2 = ^c^Cy + C2{k-r-^), 

sm t' 
= 2 • 2a ) 

sm t7 



and the corresponding solution ( ^.144| ) is: 



x\r,a\a') = C f[w{z\ z')] + to 

dr 



(1 - A;r2)[(C3)2 + (C0)2(A; - r-2) sin'^ Oq]^^^ ' 
x\T,a\a^) = C'f[w{z\z')] + ^, 

} dr 



Ci(r-ro) = ±j 



sin^ Oo V r2[(C3)2 + (C0)2(A; - r-2) sin'^ ^q]'^' ^ 
(ir 



''0 



[(C3)2 + (C0)2(A; - r-2) sin-2 ^0]'^' ' 

Now let us turn to the case of Schwarzschild space-time. The corresponding 
metric may be written as 

goo = -(l-2Mr-i) , g^^ = {1 - 2Mr-Y\ 

2 2 ■ 2 n 

922 = r , g:i3 = r sm 9, 



where M is the Schwarzschild mass. The equalities ( ^.141|) , (|5.142|) and ( 5.143| ) read 



CiC'^ 
1 - 2Mr-i' 



93 



r2 = (c,C=^)2_^(i_2Mr"i 



sin^ 9 



2 a ' 



(5.145) 



"2 sin^ 



When 9 = 9q = const, one obtains from ( ^.1441) 

x'{r,a\a') = C f [w {z\ z')] + to 

r 

IT (^3 /■ 



(1 -2Mr-i)[(C3)2- (C0)2r-2(1 -2Mr-i)sin-2^o]^/2^ 



dr 



Ci(r-ro) = ±1 



sin^^o/^ r2[(C3)2 - (C0)2r-2(1 -2Mr-i)sin-2 0o]^^^^ 

(ir 



[(^3)2 - (C0)2r-2(1 - 2Mr-i) sin^^ ^^]i/2 ' 
For the Taub-NUT space-time we take the metric as 



6 

900 - 



9u = ^ , 



922 = 



^33 = R' sin' 9-Al 



, 6 cos^ 9 



i?2 

2 r,T\/r„ ;2 



5(r) = r2 - 2Mr - r 



5 cos 9 
903 = -2/—^, 

i?2(^) = ^2^^2^ 



where M is the mass and / is the NUT-parameter. Now we have from ( [5.141j ), 
(|14|) and (|5l43D : 



^ i?2 



R^r^ 
R^9^ 





C2- 



\ 5 / sm' 9 ^ 



2C^/]" +4C°C=^/cos^ 



cl 

sm^9 



i?2 sin^ 9 



(C° + 2CHcos9) . 



In the Taub-NUT metric the solution ( |5.144|) is 

x\T,a\a') = C'f[wiz\z')]+to 

'C^ (i^^r^ +4/2) -2/sin-2 0o (C^ cos9o + 2CH)]u-^/\r), 



± J dr 
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± [ dr (C° + 2CH cos ^o) U-^/^{7 



sm 



ro 



where 



C") +4CV^/cos^o 



Finally, we consider the Kerr space-time with metric taken in the form 



goo 

922 
903 



1 



2Mr 



p2 ; 

, 933 

2Mar sin^ 61 

p2 



^11 



+ + 



Pi 
A' 

2Ma2rsin2^' 



sin^ 9, 



where 



2 2,2 2 n 

p = r + a cos 



A = - 2Mr + 



M is the mass and a is the angular momentum per unit mass of the Kerr black hole. 
With this input in equations ( p.l41| ), ( p.l42| ) and ( [5. 1431 ), we have: 



t 

.4 -2 



Ap2 

i2 



C'^ir'^ + a^)^ - C^a^A sin^ Q - 2C^Mar 



p'^e = C't[{C')\r' + a'y-AC'C^Mar + {C'fa' 
\ sin 9 J 



+ 2C''Mar - C"a 



0^2 



Ap2 l^sin^^ 

In this case, the exact solution ( |5.144 ) takes the form: 



x%T,a\a') = C"f[wiz\z')]+to 

r 

± f drA-^[2C^Mar -C^ [{r^ + a'^)pl + 2Ma'^rsm'^ eo\}V-^/'^{r), 



(5.146) 
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± 



sin^ On 



drA-^ [C^ (2Mr - pi) - 2C^Mar sin^ Oq] V^"^/^(r), 



Ci(r-ro) = ± / drplV-'/\r) 



V{r) 



C"V {a'-A sin-^ On ] - AC" C-" Mar 



+ c 



pI 



2 I 2 2/1 

r + a cos On. 



5.4 Comments 

In the previous subsection we restrict ourselves to some particular cases of 
the generic solution ( ^.144|) and did not pay attention to the existing possibilities 



for obtaining solutions in the case ^ const in the considered examples. 

Obviously, the examples given in the previous subsection do not exhaust all 
possibilities contained in the metric ( ^.1271 ) [|105|| . On the other hand, in different 
particular cases of this type of metric, there exist more general brane solutions. 
They will be not considered here. We only mention that in the gauge pJ' = const, 

is an obvious nontrivial solution of the equations of motion and of the constraints 
( ^.123| ), ( ^.124| ) depending on D arbitrary functions of p variables for the null p-brane 
in arbitrary /^-dimensional gravity background. 

From the results of the previous subsection, it is easy to extract the corresponding 
formulas for the null string case simply by putting = a, p^ = fi, a"^ = fi"^ = 0. For 
example, our equalities (|5.145|) coincide with the ones obtained in ||106|| for the null 
string moving in Schwarzschild space-time after identification: 

E = ClC^ L = CiC°, L^ + K = Cs. 



Moreover, our solution ( |5.146| ) in the case p = 1, generalizes the solution given in 
103 1 . The latter corresponds to fixing the arbitrary function f{w) to a linear one 
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and fixing tlie gauge to = 0, i.e. 

f[w{n^T + cr^, ii^T + cr^)] i— ^ /(yUT + cr) = /XT + cr, with 
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6 D=10 CHIRAL NULL SUPER p-BRANES 



Here we consider a model for tensionless super p-branes with chiral super- 
symmetries in ten dimensional flat space-time. After establishing the symmetries 
of the action, we give the general solution of the classical equations of motion in 
a particular gauge. In the case of a null superstring (p=l) we find the general 
solution in an arbitrary gauge. Then, using a harmonic superspace approach, the 
initial algebra of first and second class constraints is converted into an algebra of 
Lorentz-covariant, BFV-irreducible, first class constraints only. The corresponding 
BRST charge is as for a first rank dynamical system. This section is based on the 
papers [0, |6^ . 



6.1 Lagrangian formulation 

We define our model for D = 10 A^-extended chiral tensionless super p-branes 
by the action: 

S = J dF+^iL , L = V'V^WjWj,7]^,, (6.147) 

N 

m, = djx" + % J2 (e'^cJ^djO^) , dj = d/di\ 

A=l 



J,K = 0,l,...,p , j,k = l,...,p , /i, 1/ = 0, 1,...,9. 

Here (x*^, O"^"") are the superspace coordinates, O^"' are left Majorana-Weyl space- 
time spinors {a = 1, 16 , being the number of the supersymmetries) and are 
the 10- dimensional Pauli matrices (our spinor conventions are given in the Appendix 
B) . Actions of this type are first given in ||107|| for the case of tensionless superstring 



(p = 1, A^ = 1) and in for the bosonic case (A^ = 0). 

The action ( |6.147| ) has an obvious global Poincare invariance. Under global 
infinitesimal supersymmetry transformations, the fields 9^°'{^), x'^{^) and V'^{^) 
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transform as follows: 



V 

A 



As a consequence SrjUj = and hence also = 6r,S = 0. 

Using ( |5.121| ), one verifies that if x^{^), 9^°'{^) are world- volume scalars (a = 0) 



and V'^{^) is a world-volume (l,0)-type tensor density of weight a = 1/2, then IIj is 
a (0,l)-type tensor, UjUxu is a (0,2)-type tensor and L is a scalar density of weight 
a = 1. Therefore, 



and this variation vanishes under suitable boundary conditions. 

Let us now check the K-invariance of the action. We define the K-variations of 
^"{0 and V\i) as follows: 

5^6^'^ = z{r^^r = iV'iflj^^r, S^x'' = -zY^ie^a-'SJ^), (6.148) 

A 

<5,l^^ = 2V^^V^^(9Le^/s:^). 

A 

Therefore, ^"^"(0 are left Majorana-Weyl space-time spinors and world- volume 
scalar densities of weight a = —1/2. 
From ( |6.148| ) we obtain: 

A 

and 

A 

The algebra of kappa-transformations closes only on the equations of motion, 
which can be written in the form: 

dj{v'v''UKu) = 0, v'v''{dje^ Ak)^ = 0, V'^u'^jUku = o. (6.149) 

As usual, an additional local bosonic world-volume symmetry is needed for its clo- 
sure. In our case, the Lagrangian, and therefore the action, are invariant under the 
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following transformations of the fields: 

A 

Now, checking the commutator of two ^-transformations, we find: 

= + terms oc eqs. of motion, 

[5^1, ^Kal^'^lO = (^K + + ^xJ^^iO + terms oc eqs. of motion, 
[5ki, 5k2]V'^ {$,) = 6eV'^{^) + terms oc eqs. of motion. 

Here A(^) and e(^) are given by the expressions: 

B 

A 



We note that F^/? = (V Atj)^,^ in ( |6.148| ) has the following property on the 
equations of motion 

= 0. 

This means, that the local /t-invariance of the action indeed eliminates half of the 
components of 6^ as is needed. 

For transition to Hamiltonian picture, it is convenient to rewrite the Lagrangian 
density (|6.147|) in the form {dr = d/dr, dj = d/da^): 



L 



4/iO 
where 



{dr - fi^dj)x + iY,G^(^{dr - l^^dj)e^\ , (6.150) 

A 



The equations of motion for the Lagrange multipliers /i° and which follow from 
( |6.150| ) give the constraints {pu and are the momenta conjugated to and 6^°"): 

To=p' , T,=p,9,x^ + ^p^„9X" (6.151) 

A 

The remaining constraints follow from the definition of the momenta pf^: 

D^ = -^pl-i^OX- (6.152) 
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6.2 Hamiltonian formulation 



The Hamiltonian which corresponds to the Lagrangian density ( |6.150| ) is a 
hnear combination of the constraint ( |ti.l51 ) and ( fci.l52| ): 



Ho= [ rfV[/i°To + /i^T,- + J2 /"^"^a] (6-153) 

It is a generahzation of the Hamiltonians for the bosonic null p-brane and for the 
A^-extended Green-Schwarz superparticle. 

The equations of motion which follow from the Hamiltonian ( |6.153| ) are: 

A 

{dr-ii^d,)e^- = (5.-/i^5,W„ = (a,yW„ + (/x^i>).. (6.154) 

In ( |6.154| ), one can consider and /i^" as depending only on a = (cx^, a^), 

but not on r as a consequence from their equations of motion. 

In the gauge when /i-' and /x^" are constants, the general solution of ( |6.154| ) 

is 

A 
A 

Puir,a) = p^iz), ^^"(r,a)=0^"U)+2V", (6.155) 
pLi^,S.) = pL{^) + r{^i^(j'')o,Pu{z), 

where x^{z), Pu{^), O^^'i^z) and pf^i.^) arbitrary functions of their arguments 

z^ = jjpT + . 

In the case of null strings {p = 1), one can write explicitly the general solution 
of the equations of motion in an arbitrary gauge: /i° = jjP^a), jj} = n = ^{a), 
fj,^"" = /i^°(cr). This solution is given by 

x^(r,a) = g'^iw)-2l^^dsnw) + ^Ji^dsyC^iw)l 

(/i^Oa(si) fV^"(s) 



/i(si) j fi{s) 
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-ds. 



p^{T,a) = jJ, ^{(7)fy{w) 



(6.156) 



fx [a) 



dsfy{w) 



Here g^{w), fv{w), C,^"{w) and h^{w) are arbitrary functions of the variable 

ds 



w = r + 



The solution ( |6.155| ) at p = 1 differs from (|6.156|) by the choice of the particular 
solutions of the inhomogenious equations. As for z and w, one can write for example 
/i, fx'^°' are now constants) 

Puir, cr) = fi'^f^ir + a/ii) = /j,'^ f^[fi'\fiT + a)] = p^{z) 

and analogously for the other arbitrary functions in the general solution of the 
equations of motion. 

Let us now consider the properties of the constraints ( |6.151D , ( |6.152| ). They 
satisfy the following (equal r) Poisson bracket algebra 

{To(£i),To(a2)} = 0, {To{a,),D^{a,)} = 0, 
{To(aO, Tjia^)} = [Ua,) + Ua,)]d,SPia, - a,), 
{T,ia,),T,ia,)} = + 6iT,ia,m6P{a, - a,), 



From the condition that the constraints must be maintained in time, i.e. 11108 



{To,ifo}~0, {T,-,ifo}~0, {Df,/7o}~0, 



it follows that in the Hamiltonian Hq one has to include the constraints 



(6.157) 



A/3 



instead of D^. This is because the Hamiltonian has to be first class quantity, but 
are a mixture of first and second class constraints. has the following non-zero 
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Poisson brackets 



iB 



In this form, our constraints are first class and the Dirac consistency conditions 
(|6J[57D (with replaced by T^) are satisfied identically. However, one now en- 



counters a new problem. The constraints Tq, Tj and are not BFV-irreducible, 
i.e. they are functionally dependent: 

{i)T^Y - D^'^Tq = 0. 

It is known, that in this case after BRST-BFV quantization an infinite number of 
ghosts for ghosts appear, if one wants to preserve the manifest Lorentz invariance. 
The way out consists in the introduction of auxiliary variables, so that the mixture of 
first and second class constraints D^"' can be appropriately covariantly decomposed 
into first class constraints and second class ones. To this end, here we will use the 
auxiliary harmonic variables introduced in ||109|| and [|110|| . These are m'^ and v^, 



where superscripts a = 1,...,8 and ± transform under the 'internal' groups S0{8) 
and S0{1, 1) respectively. The just introduced variables are constrained by the 
following orthogonality conditions 

where 

C"^ is the invariant metric tensor in the relevant representation space of SO (8) and 
(m^)^ = as a consequence of the Fierz identity for the 10-dimensional cr-matrices. 
We note that and do not depend on a. 

Now we have to ensure that our dynamical system does not depend on arbitrary 
rotations of the auxiliary variables (m^, m^). It can be done by introduction of first 
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class constraints, which generate these transformations 

jab 



(6.158) 



(utpT + ^vVay^), 



In the above equahties, p'^^ and p^°' are the momenta canonically conjugated to 
and v^. 

The newly introduced constraints (|6.158|) obey the following Poisson bracket 
algebra 



lac rbd , /^ad rbc 



bd rac 



ac rife 



jab 



This algebra is isomorphic to the S0{1,9) algebra: generate S0{8) rotations, 
/ ^ is the generator of the subgroup 5*0(1, 1) and 1^°" generate the transformations 
from the coset ^0(1, 9)/ (50(1, 1) x S0{8)). 

Now we are ready to separate D^°' into first and second class constraints in a 
Lorentz-covariant form. This separation is given by the equalities ||111|| : 

1 



D 



Aa 



pi 



(6.159) 



D 



Aa 



Here D'^'^ are first class constraints and G^"" are second class ones: 

{D^\a,),D^\a,)} = -2z5^^0VTo5^(ai - a^) 
{0^"(ai),0^^(a2)} = ^5^^0V'5"(^i-^2). 

It is convenient to pass from second class constraints G^"" to first class constraints 
O^", without changing the actual degrees of freedom ||1 1 1|] , p6| : 



(jAa _^ QAa ^ ^Aa ^ ^p+y/2^Aa 



{G^''ia,),G^\a,)} = 0, 



Bbi 
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where ^"^"(a) are fermionic ghosts which abehanize our second class constraints as 
a consequence of the Poisson bracket relation 

^^''(^2)} = -i5^''C'''5^{g_^ - 0.2). 

It turns out that the constraint algebra is much more simple, if we work not with 

D^" and G^" but with T^" given by 

After the introduction of the auxiliary fermionic variables vE'"^'', we have to modify 
some of the constraints, to preserve their first class property. Namely Tj, and 
change as follows 

^ A 

^ A 



As a consequence, we can write down the Hamiltonian for the considered model in 
the form: 

■' A 

XaJ""' + A_+/-+ + A+„/+'^ + A_ 



The constraints entering H are all first class, irreducible and Lorentz- covariant. 
Their algebra reads (only the non-zero Poisson brackets are written): 

{fj{a,),fk{a,)} = {5'jn{a,) + 5ifj{a,))diS^{a, - a,), 
{fAa,),f^{a,)} = (f^ia,) + lf^{a,))d,S^{a, - a,), 

{I-^f^} = It^, {/-",T'.^} = (2p+)->X^+(<7+a"V)„*^ro], 
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j^jafe ^bcjad ^ac jbd _j_ ^ad jbc ^bd jac 

{/-",/-''} = -J rfV(p+)-VTo. 

Having in mind the above algebra, one can construct the corresponding BRST 
charge Q (*=complex conjugation) 

= fi™" + ttmP^, {fi,fi} = 0, Q* = Q, (6.160) 

where M = 0,j, Aa, ab, — h, +a, —a. fi™" in ( |6.160| ) can be written as 

^min ^brane _j_ ^aux 

These expressions for Q^^"-"-'^ and fi*^"^ show that we have found a set of constraints 
which ensure the first rank property of the modeL 
Qmm represented also in the form 



A 



Here a super (sub) script gh is used for the ghost part of the total gauge generators 

= {n, V} = {fi™", V} = G + G'3^ 
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We recall that the Poisson bracket algebras of and G coincide for first rank 
systems. The manifest expressions for G^'^ are: 

Tf = 2Vodjr)° + {djVoW + Vjdkv' + Vkdjr)' + {dkVj)v' 

Up to now, we introduced canonically conjugated ghosts {ji'^^Vm)) iflMi'P'^^) and 
momenta ttm for the Lagrange multipliers A"^ in the Hamiltonian. They have Pois- 
son brackets and Grassmann parity as follows [em is the Grassmann parity of the 
corresponding constraint): 

{A^^jTTat} = 5^ , ^{^^) = e(7rM) = Cm- 
The BRST-invariant Hamiltonian is 

H^^H^'^ + {x,n}-{x,^h (6-161) 

because from Hcanonicai = it follows that H'^^'^ — 0. In this formula x stands for 
the gauge fixing fermion (x* = — x)- We use the following representation for the 
latter 

X — X +Vm[X + -^P{m)T^ ), X —A Fm, 
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where p(M) are scalar parameters and we have separated the 7r*^-dependence from 
X^'^ . If we adopt that x*^ does not depend on the ghosts {j]^^ ,Vm) and {f]M,V^^), 
the Hamiltonian from ( |6.161| ) takes the form 



Tjmin 



(6.162) 



1 



P^N 



where 



and generally {x*^, U^p} 7^ as far as the structure coefficients of the constraint 
algebra U^p depend on the phase-space variables. 

One can use the representation ( |6.162D for to obtain the corresponding BRST 
invariant Lagrangian 

-^x ~ + ^GH + Lgf- 

Here Lgh stands for the ghost part and Lgf for the gauge fixing part of the La- 
grangian. If one does not intend to pass to the Lagrangian formalism, one may 
restrict oneself to the minimal sector [yi^^^ ^ y^^^^ ^ In particular, this means 

that Lagrange multipliers are not considered as dynamical variables anymore. With 
this particular gauge choice, if™*" is a linear combination of the total constraints 



Tjmin 
^X 



brane 



(Fa 



+ 



+ K,C, + A_+/-+ + A+,/+« + K_J-l 



and we can treat here the Lagrange multipliers A°, A_a as constants. Of course, 
this does not fix the gauge completely. 

6.3 Comments 

To ensure that the harmonics and their conjugate momenta are pure gauge 
degrees of freedom, we have to consider as physical observables only such functions 
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on the phase space which do not carry any S0{1, 1) x 5*0(8) indices. More precisely, 
these functions are defined by the following expansion 



F{y,U,V;Py,p^,p,) = J2Kl--KlPZtl---PuuVjsOi8)singlet 



where {y,Py) are the non-harmonic phase space conjugated pairs. 
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7 CONCLUSIONS 



The dissertation is devoted to the description and further investigation of the 
properties of null p-branes. The necessary prehminaries are given in the Introduc- 
tion. Then we explain how the above extended objects arise in the context of string 
theory. The following section consider the known classical and quantum properties 
of the tensionless branes. The original results are described in sections 4-6. 

In the forth section we perform BRST quantization of the null bosonic p-branes 
using four different types of operator ordering. It is shown that one can or can 
not obtain critical dimension for the null string {p = 1), depending on the choice 
of the operator ordering and corresponding vacuum states. When p > 1, operator 
orderings leading to critical dimension in the p = 1 case are forbidden by the Jacobi 
identities. Admissible orderings give no restrictions on the dimension of the embed- 
ding space-time. This is connected with the fact that the full constraint algebra has 
no nontrivial central extension, but there are p subalgebras which possess non-trivial 
central extensions. When p = 1, there is one such subalgebra and it coincides with 



the full algebra. This section is based on the paper [[7T |. 

In the fifth section we perform some investigation on the classical dynamics of 
the null bosonic branes in curved background. We write down the action, prove its 
reparametrization invariance and give the equations of motion and constraints in an 
arbitrary gauge. Then we construct the corresponding Hamiltonian and compute 
the constraint algebra. In the following subsection we consider the dynamics of null 
membranes {p = 2) in a four dimensional, stationary, axially symmetric gravity 
background. Some exact solutions of the equations of motion and of the constraints 
are found there. The next subsection is devoted to examples of such solutions in 
Minkowski, de Sitter, Schwarzschild, Taub-NUT and Kerr space-times. This section 



is based on the paper 



In the sixth section we consider a model for tensionless super p-branes with N 
global chiral super symmetries in 10- dimensional Minkowski space-time. We show 
that the action is reparametrization and k- invariant. After establishing the symme- 
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tries of the action, we give the general solution of the classical equations of motion in 
a particular gauge. In the case of null superstrings {p=l) we find the general solution 
in an arbitrary gauge. Starting with a Hamiltonian which is a linear combination of 
first and mixed (first and second) class constraints, we succeed to obtain a new one, 
which is a linear combination of first class, BFV-irreducible and Lorentz-covariant 
constraints only. This is done with the help of the introduced auxiliary harmonic 
variables. Then we give manifest expressions for the classical BRST charge, the 
corresponding total constraints and BRST-invariant Hamiltonian. It turns out that 
in the given formulation our model is a first rank dynamical system. This section is 
based on the papers |HS|, ^ . 
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9 Appendix A 

Here we briefly comment on the possible central extensions of the algebra, 
given by the commutators: 

[Bj^n, Bk,rn] = (SjUk - 5[mj)Bi^n+m , (j, k ^ 1,2, ...,p). 

To begin with, we modify the right hand sides of the above equalities as follows: 

= d{n,m) 

[Bj,n, Bk,rn] = {^jUk - 5[mj)Bi^n+m + djk{n, m). 

Checking the Jacobi identities, involving the triplets {A,A,B) , {A,B,B) and 
{B,B,B) , one shows that there are only trivial solutions for d{n,m), dj{n,'m) 
and djk{n,m). Namely, 

d{n,m) — , dj{n,m) — {uj — mj)f{n + m), 
djk{n, m) = {SjUk - 5[mj)gi{n + m), 

where /, gj are arbitrary functions of their arguments. In particular, there exist the 
solutions 

dj{n,rn) — 2anjSn+m,o , a — const, 
djk{n,m) = iPjUk + Pknj)5n+m,o , Pj ^ const, 

which might appear because of the operator ordering in An and Bj n- However, there 
are p subalgebras with non-trivial central extensions (no summation over j): 

i^n-i Arn\ — 0, 

[Bj,n, Bj^mj = ip-j — mj)Bj^n+rn + i^jn^ + tj)nj5n+rn,0, Qj , Sj, tj — COnst. 

When p—1, there is one such subalgebra and it coincides with the full algebra. 
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10 Appendix B 



obey 



We briefly describe here our 10-dimensional conventions. Dirac 7- matrices 



and are taken in the representation 

/ 



{a^') 

i 



^11 _ pOpl p9 



r and charge conjugation matrix Cio are given by 



( 



C 



10 







V 



and the indices of right and left Majorana-Weyl fermions are raised as 
We use D = 10 cr-matrices with undotted indices 



and the notation 



K)«, = (-c)-jK)^ 



for their antisymmetrized products. 

Prom the corresponding properties oi D — 10 7-matrices, it follows that 

(<^/il...//2s+l) ^ ~ {~^) ('^Ml---/«2s+l)^ ' 



k=l 

The Fierz identity for the cr-matrices reads: 
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